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Mirror Symmetry for hyperka¨hler manifolds.
Misha Verbitsky,
verbit@math.harvard.edu
We prove the Mirror Conjecture for Calabi-Yau manifolds
equipped with a holomorphic symplectic form, also known
as complex manifolds of hyperka¨hler type. We obtain that
a complex manifold of hyperka¨hler type is mirror dual to
itself. The Mirror Conjecture is stated (following Kont-
sevich, ICM talk) as the equivalence of certain algebraic
structures related to variations of Hodge structures. We
compute the canonical flat coordinates on the moduli space
of Calabi-Yau manifolds of hyperka¨hler type, introduced
to Mirror Symmetry by Bershadsky, Cecotti, Ooguri and
Vafa.
1 Introduction.
By a holomorphically symplectic manifold we understand a complex man-
ifold equipped with a closed holomorphic 2-form, which is non-degenerate.
A hyperka¨hler manifold is a Riemannian manifold equipped with a quater-
nionic action which is parallel with respect to a Levi-Civita connection.
Every hyperka¨hler manifold is complex (the complex structure is induced
by any embedding C →֒ H) and holomorphically symplectic. The converse
is also true in the compact case, as implied by the Calabi-Yau theorem. For
details and basic results on hyperka¨hler manifolds, see [Bes], [V].
1.1 A summary for those who like physics.
Mirror Symmetry has a rich history, which this article mostly ignores. For
up-to-date references to the physical literature, the reader is advised to look
in [Mrr].
LetM be a compact holomorphically symplectic manifold. For a generic
complex structure on M , M admits no holomorphic curves ([V-Sym]). This
allows one to compute the (tautological, because no instanton corrections
are required) correlation functions of the A-model, for M as a target space.
The moduli space Comp of M is equipped with a locally biholomorphic
map to a quadric hypersurface C in a complex projective space PH2(M,C).
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The space C is equipped with a transitive action of a group G0(M) ∼=
SO(3, n − 3), n = h2(M). Consider the variation V of Hodge structures
over Comp associated with the cohomology of M . We prove that there
exists a G0(M)-equivariant variation of Hodge structures V on C such that
V is a pullback of V . This allows one to compute V explicitly. Using V , we
compute the correlation functions for the B-model, in terms of the G0(M)-
action.
Usually in Mirror Symmetry, the parameter space for the A-model is
the complexified Ka¨hler cone, but in the case of hyperka¨hler manifolds,
the correlation functions can be analytically continued to the whole space
H1,1(M), which contains the Ka¨hler cone as an open subset. The param-
eter space for the B-model is the moduli space Comp, equipped with the
canonical flat coordinates of [BCOV]. We identify these parameter spaces
locally using the flat coordinates, and compare correlation functions, com-
puted explicitly.
1.2 A summary for those who like mathematics.
Let M be a compact Calabi-Yau manifold.1 Physicists associate with M
two associative, graded commutative algebras with unit: the Yukawa alge-
bra, determined by the complex structure, and the quantum cohomology
algebra, which depends on the Ka¨hler class. By definition, the Yukawa al-
gebra of M is isomorphic to the ring ⊕H i(ΛjTM), where ΛjTM is the j-th
exterior power of the bundle of holomorphic vector fields, and multiplication
is defined naturally by the Ku¨nneth formula (Section 4). Using the triviality
of the canonical class ofM , we obtain an isomorphism of holomorphic vector
bundles
η : ΛiTM −→ Ωn−iM,
where n = dimC M . Thus, the Yukawa product can be considered as a
multiplicative structure on the cohomology of M : 2
•Y : H i,j(M)×H i′,j′(M)−→H i+i′−n,j+j′(M)
The quantum cohomology algebra (Definition 3.3) is a deformation of
the usual cohomology algebra defined via counting the rational curves on
M . As usual, an associative algebra is called Frobenius if it is equipped
1In this article, by Calabi-Yau manifold we understand a Ricci-flat Ka¨hler manifold.
2We denote by Ωi(M) the sheaf of holomorphic i-forms on M . Thus, Hi(Ωj(M)) =
Hj,i(M).
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with a non-degenerate invariant scalar product (Definition 2.1). The Yukawa
algebra and the Quantum cohomology algebra are Frobenius, which follows
from the definitions.
The main ingredient of the Mirror Conjecture is the existence of the
so-called “Mirror dual” Calabi-Yau manifold W . Mirror Symmetry is often
stated as an isomorphism between Frobenius algebras: the quantum coho-
mology Frobenius algebra associated with M is conjecturally isomorphic to
the Yukawa cohomology Frobenius algebra of W , and vice versa. In this
form, the Mirror Conjecture trivially holds for M and W being the same
holomorphically symplectic manifold (Theorem 5.4).
The aim of this article is to prove the refined form of the Mirror Con-
jecture, which states an isomorphism between certain algebraic structures,
which we call “variations of Frobenius algebras.”
A variation of Frobenius algebras (see Definition 2.5 for the exact defi-
nition) over a base X is a variation of Hodge structures B equipped with
a structure of Frobenius algebra on its associated graded bundle Bgr, and
a sheaf homomorphism TX
τ→֒ Bgr, such that the Kodaira-Spencer map
Bgr ⊗ TX −→Bgr coinsides with x ⊗ −→v −→ x · τ(−→v ). Every Calabi-Yau
manifold M produces two variations of Frobenius algebras: the VFA of
Yukawa, Y (M) and the Quantum Cohomology3 VFA, Q(M). In this set-
ting, Calabi-Yau manifolds M and W are Mirror dual if the VFA Q(M)
is locally isomorphic to Y (W ) and Y (M) is locally isomorphic to Q(W ),
and these isomorphisms are compatible with flat coordinates on the moduli
space of complex structures, introduced in [BCOV]. We give the precise
statement of the Mirror Conjecture in Section 3. In a similar form, the
Mirror Conjecture is stated by M. Kontsevich ([Ko]).
The Mirror Conjecture appears to be true for a wide variety of Calabi-
Yau manifolds, but not for all Calabi-Yau. There is not a single case in which
the Mirror Conjecture is proven for Calabi-Yau manifolds in the strict sense.4
There are several approaches to the Mirror Conjecture for K3 surfaces and
compact tori, which are, by convention, Mirror self-dual: [Tod3], [BB], [AM]
(for additional references see [AM]).
3Quantum VFA is defined only up to certain convergence assumptions, which are part
of the Mirror Conjecture. These assumptions are satisfied for a compact holomorphically
symplectic manifold which is generic in its deformation class.
4Calabi-Yau manifolds of dimension greater than 2 with holomorphic Euler charac-
teristic χ(O(M)) = 2. In dimension 3, such manifolds were the original source and the
testbed of the Mirror Conjecture.
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1.3 On the equivariance of a variation of Hodge structures.
Let M be a holomorphic symplectic manifold of Ka¨hler type, with
h2,0(M) = 1, h1(M) = 0,
and Comp be its (coarse, marked) moduli space. We have the period
map Pc : Comp−→ PH2(M,C) associating a line H2,0I (M) ⊂ H2(M,C)
to a complex structure I. There is a canonical non-degenerate symmetric
pairing
(·, ·)H : H2(M,R)×H2(M,R)−→ R
defined by Beauville (see [V], [V-a]). Complexifying H2(M,R), we can con-
sider (·, ·)H as a complex-linear, complex-valued form on H2(M,C). For all
I ∈ Comp, the point Pc(I) belongs to the quadric cone C ⊂ PH2(M,C),
C = {l | (l, l)H = 0}.
The Torelli principle (proved by Bogomolov, [B1]) implies that the map
Pc : Comp−→ C
is etale.
LetH = ⊕Hp,q(M) be the variation of Hodge structures (VHS) on Comp
associated with the total cohomology space of M . The Results of [V] imply
that there exists a variation of Hodge structures H on C, such that H is the
pullback of a variation of Hodge structures H: H = P ∗c (H) (also, this is an
immediate implication of Proposition 10.3). The set C is equipped with a
natural action of the group G0(M) = SO
(
H2(M,R), (·, ·)H
)
. The group
G0(M) also acts in the total cohomology space H
∗(M) of M ([V]). The
main idea used in the proof of Mirror Symmetry is the following theorem,
implicit in [V]:
Theorem 1.1: The VHS H is G0(M)-equivariant, under the natural
action of G0(M) on C and H.5
Proof: This is an immediate implication of Claim 10.5.
5The action of G0(M) on the trivial bundle H = H∗(M) × C comes from a natural
action of G0(M) on the space H
∗(M).
4
Mirror conjecture final version, November 95
To make this statement more explicit, we recall that a variation of Hodge
structures is a flat bundle over a complex manifold, equipped with a real
structure and a holomorphic filtration (Hodge filtration), which is comple-
mentary to its complex conjugate filtration, and satisfies so-called Griffiths
transversality condition. Then, Theorem 1.1 says that the action of
G0(M) on H maps flat sections to flat sections, and preserves the real struc-
ture and the Hodge filtration.
1.4 On the equivariance of the Yukawa multiplication.
Let Hgr be associated graded bundle of the VHS H,
Hgr
∣∣∣
Pc(I)
= ⊕Hp,qI (M).
Let K be the pullback of O(1) from PH2(M,C) to C →֒ PH2(M,C). Then
Yukawa multiplication on H is a map Hgr × Hgr −→Hgr ⊗ K, defined in
the same way as the usual Yukawa product for the VHS associated with
Calabi-Yau manifolds (see Section 2):
Hp,qI (M)×Hp
′,q′
I (M)−→Hp+p
′−n,q+q′
I (M)⊗K
∣∣∣
I
.
Since the VHS H is equivariant, the bundle Hgr is equipped with a natu-
ral G0(M)-equivariant structure. The bundle K is also naturally G0(M)-
equivariant. The key theorem of this paper is the following.
Theorem 1.2: The Yukawa product Hgr×Hgr −→Hgr⊗K is compat-
ible with the G0(M)-equivariant structure in Hgr, K.
Proof: This is Theorem 7.4 .
Theorem 1.2 explains how the Yukawa product varies with the variation
of x ∈ Comp.
Theorem 1.2 is proved by the following argument. Let n = dimC M . The
holomorphic symplectic form Ω defines an identification(
Ωi(M)
)∗ ∼= Ωi(M). (1.1)
The top exterior power of Ω is a non-degenerate section of the canonical class
Ωn(M), because Ω is symplectic. This section produces an isomorphism(
Ωi(M)
)∗ ∼= Ωn−i(M). (1.2)
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the composition of (1.1) and (1.2) gives an isomorphism
η : Ωi(M)−→ Ωn−i(M) .
Now, η induces a natural isomorphism of linear spaces,
η : H i(Ωj(M))−→H i(Ωn−j(M). (1.3)
We call the map (1.3) the Serre duality operator (Section 9). By def-
inition, the Yukawa product in cohomology of M coincides with the usual
cup-product in cohomology twisted by η.
Let g(M) ⊂ End(H∗(M)) be the Lie algebra generated by the Hodge
operators Lω, Λω, where ω runs through Ka¨hler classes corresponding to
all complex structures on M . Let G(M) ⊂ End(H∗(M)) be the Lie group
associated with g(M). We prove that η belongs to G(M) (Theorem 9.1) and
express η algebraically in terms of the holomorphic symplectic form (Lemma
10.4).
In [V], we construct G0(M)) ⊂ End(H∗(M)) as a subgroup of G(M) ⊂
End(H∗(M)). This gives a way to work with η in terms of the G0(M)-
action. In particular, we obtain the following theorem, with easily implies
Theorem 1.2.
Theorem 1.3: Let (I,Ω), (I ′,Ω′) be holomorphic symplectic structures
on M , and [Ω], [Ω′] ∈ H2(M,C) be the corresponding cohomology classes.
Let g ∈ G0(M) be a group element such that, under the natural action of
G0(M) on H
2(M), g([Ω]) = [Ω′]. Let η, η′ ∈ End(H∗(M)) be the Serre
duality operators associated with (I,Ω), (I ′,Ω′). Then
gηg−1 = η′.
Proof: This is Claim 10.5.
1.5 On the Tian-Todorov coordinates.
Let Comp be the (coarse, marked) moduli space of complex structures on a
Calabi–Yau manifold M . The Bogomolov–Tian–Todorov theorem provides
canonical flat coordinates on Comp, the so-called Tian-Todorov coordinates.
We define these coordinates in Section 4. When M is a holomorphically
symplectic manifold, it is possible to compute the Tian-Todorov coordinates
explicitly.
6
Mirror conjecture final version, November 95
The moduli space Comp is equipped with a period map
Comp−→ PH2(M,C),
which associates a line l ∈ H2(M,C), l = H2,0I (M) to a complex structure
I ∈ Comp. Let C be the set of all lines satisfying (l, l)H = 0. From the
definition of the form (·, ·)H it follows that for all I, the periods of L lie
in C. Let Pc : Comp−→ C be period map. By Bogomolov and Beauville
([Beau]), the map Pc is e´tale. Thus, constructing local coordinates on Comp
is equivalent to constructing local coordinates on C.
In [V], we proved that the space H∗(M) is equipped with a natural
action of the Lie algebra g0(M) ∼= so(H2(M,R), (·, ·)H). Let G0(M) ⊂
End(H∗(M)) be the corresponding Lie group. We have shown ([V], Corol-
lary 12.5) that G0(M) acts on on the cohomology ring H
∗(M) by automor-
phisms. Clearly, G0(M)⊗C acts naturally on C. For I ∈ Comp, we denote
by ad I the endomorphism ofH∗(M) defined by ad I(ωp,q) =
√−1(p−q)ωp,q,
ωp,q ∈ Hp,q(M). In [V], we show that ad I belongs to g0(M) ⊂ End(H∗(M))
([V], Theorem 12.2).
Every complex structure I ∈ Comp defines a decomposition of the Lie
algebra
g0(M) = g
I,−2
0 (M)⊕ gI,00 (M)⊕ gI,20 (M)
with
g
I,i
0 (M) = {x ∈ g0(M) | [ad I, x] = i
√−1 x}.
Let GI,i0 (M) ⊂ End(H∗(M)) be the Lie group associated with gI,i0 (M).
Then GI,00 (M) and G
I,2
0 (M) stabilize Pc(I) ∈ C. Let ϕ : GI,−20 (M)−→ C
map α ∈ GI,20 (M) to α(Pc(I)) ∈ C. The group G0(M) ⊗ C transitively
acts on C. Comparing dimensions of C and GI,−20 (M), we find that ϕ is
an isomorphism locally in a neighbourhood of the identity. Since the group
GI,−20 (M) is abelian, ϕ defines local flat coordinates in C.
6 Since Pc is
e´tale, ϕ also gives local coordinates on Comp. In Section 11, we prove that
these coordinates coincide with the Tian-Todorov coordinates.
6Throughout this paper, the flat coordinates in a neighbourhood U of x ∈ X are
understood as a set S of pairwise commuting linearly independent holomorphic vector
fields, |S| = dimC X, defined in U . We say that X is equipped with flat coordinates if
each point x of X has a neighbourhood equipped with such set Sx of holomorphic vector
fields. No conditions of compatibility between Sx, for different x, is required.
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• The Introduction (Section 1) is included to give an outline of our rea-
soning. Section 1 refers to the body of the article for proofs, but
otherwise, Section 1 and the rest of the paper are completely indepen-
dent.
• Section 2 gives a number of definitions culminating in the definition
of variation of Frobenius algebras (VFA). We give an example of VFA
(so-called Yukawa VFA), which is associated with every Calabi-Yau
manifold.
• Section 3 provides another example of variation of Frobenius algebras
(so-called Quantum Cohomology VFA), conjecturally associated
with every Calabi-Yau manifold. The existence of Quantum Cohomol-
ogy VFA is a prerequisite for existence of the Mirror Dual manifold.
The existence of Quantum Cohomology VFA is proven for holomor-
phically symplectic manifolds of generic type. In Section 3 we follow
[KM], [Ko].
• Section 4 gives proofs of a number of basic results on deformations of
Calabi-Yau manifolds, mostly due to Bogomolov, Tian and Todorov
([B1] [Ti], [Tod1]). Section 4 is independent of Sections 2– 3, and uses
the basics of algebraic geometry and deformation theory ([GH], [KS]).
As a final result, we obtain a definition of canonical flat coordinates
on the moduli space of Calabi-Yau manifolds. These coordinates were
introduced to Mirror Symmetry by [BCOV]. The exposition follows
[Tod1].
• Section 5 gives a statement of the Mirror Conjecture following [Ko],
[BCOV]. There are no original results in Sections 2 – 5. Also, noth-
ing in Sections 2 – 5 is in any way specific to hyperka¨hler or holo-
morphically symplectic geometry. We are dealing with manifolds of
hyperka¨hler type only starting from Section 6.
• Section 6 gives an explicit description of Quantum VFA for a holomor-
phically symplectic manifold which is generic in its deformation class.
In [V-Sym], we proved that such manifolds have no rational curves.
Since the “instanton corrections” (non-trivial terms of the Quantum
product on cohomology) are expressed by counting rational curves,
9
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it is easy to give an explicit description of Quantum VFA when all
rational curves are trivial.
• Section 7 gives an outline of our description of the Yukawa VFA A for
a holomorphically symplectic manifold, with most proofs postponed
till Section 10. Let C be the period space of M , and Comp be the
(coarse, marked) moduli space of M . By Bogomolov, the period map
Comp−→ C is e´tale. In Section 7 we explain how A is related to the
period space C. We identify C with a certain orbit in the adjoint
representation of the group SO(m−3, 3), where m = h2(M). We then
construct an SO(m− 3, 3)-equivariant VFA A on C (existing modulo
Theorem 7.3, which is proven in Section 10). Finally Theorem 7.4,
proven in Section 10, states that A is a pullback of A under the period
map.
• Sections 8 – 10 are dedicated to the proof of results outlined in Section
7. These sections are independent of the first part of this paper, but
rely heavily on [V] .
• Section 8 deals with a linear-algebraic structure of the exterior algebra
Λ∗(T ) of a quaternionic-Hermitian space T . We explain how results
about Λ∗(T ) imply statements about the cohomology of a hyperka¨hler
manifold. We construct an action of the group Spin(4, 1) on the co-
homology of a hyperka¨hler manifold and explicitly describe the action
of its center.
• Section 9 uses results of Section 8 to describe the operator of Serre
duality η. We prove that η belongs to the group Spin(4, 1) acting on
the cohomology of M . The operator η is expressed explicitly via the
natural realization of Spin(4, 1) = Sp(1, 1) in EndH(H
2)
• In Section 10 we apply the results of Section 9 to prove Theorem 7.3,
Theorem 7.4. We prove the key results about the equivariant structure
on the variations of Hodge structures corresponding to the cohomology
of a holomorphically symplectic manifold.
• Section 11 computes the Tian-Todorov coordinates on Comp in terms
of the period map, for a holomorphically symplectic manifold. We use
the results of [V], and the exact form of Tian-Todorov coordinates as
given in Section 4.
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• Section 12 gives a proof of the Mirror Conjecture for holomorphically
symplectic manifolds. We realy heavily on results obtained in Sections
6 – 11.
2 Variations of Frobenius algebras.
Definition 2.1: (Frobenius algebras) A Frobenius algebra over a base field
k is a k-linear space equipped with a structure of associative algebra and a
linear map ε : A−→ k, such that the bilinear form (·, ·)A : a, b−→ ε(ab)
is non-degenerate. Let (·, ·, ·)A : a, b, c −→ ε(abc) be thr trilinear form asso-
ciated with the multiplicative structure in A. The pair ((·, ·)A, (·, ·, ·)A) is
called a Frobenius structure on A. Clearly, the knowledge of ((·, ·)A, (·, ·, ·)A)
suffices to recover the product in A. The linear map ε : A−→ k is often
called the trace form of A. The Frobenius algebra A is called graded if
A is equipped with a grading, which is respected by the multiplication, and
there is a number n such that An ∼= k and the map ε factors through the
natural projection A−→An.
Definition 2.2: LetX be a complex variety and B = B0⊕B1⊕...⊕Bn be
a graded holomorphic vector bundle over X, equipped with a non-degenerate
holomorphic pairing (·, ·) : B×B −→OX and a holomorphic 3-form (·, ·, ·) :
B × B × B −→OX . Assume that (·, ·), (·, ·, ·) define a structure of graded
Frobenius algebra on the fibers of B in every point of X. Let ϕ : TX →֒ B
be a morphism of holomorphic vector bundles. Then
(
B,ϕ, (·, ·), (·, ·, ·)
)
is called a weak variation of Frobenius algebras over X, or simply
weak VFA.
Definition 2.3: A weak complex variation of Hodge structures (or, weak
C-VHS) is the following collection of data.
1. A vector bundle B over a complex manifold X.
2. A flat connection ∇ : B −→B⊗Λ1(X) on B. As usual, the flat connec-
tion induces a holomorphic structure on B.
3. A system of holomorphic subbundles B0 ⊂ B1 ⊂ ... ⊂ Bn = B, which
satisfies ∇Bi ⊂ Bi+1 ⊗ Λ1X.
The filtration B0 ⊂ B1 ⊂ ... ⊂ Bn = B is called the Hodge filtration of
the weak C-VHS B.
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Definition 2.4: Let (B,∇, B0 ⊂ B1 ⊂ ... ⊂ Bn = B) be a weak C-VHS
over a complex manifold X. On the associated graded factors, connection
∇ induces a holomorphic map
KS : Bi/Bi−1 −→ (Bi+1/Bi)⊗OX Ω1X. (2.1)
This map is called the Kodaira-Spencer map associated with the
weak C-VHS. The map (2.1) induces a holomorphic map
Bgr −→Bgr ⊗OX Ω1X, (2.2)
where Bgr = ⊕Bi/Bi−1 is the associated graded quotient of B. The map
(2.2) is called the Higgs field, or the Kodaira-Spencer map associated
with the weak C-VHS.
Definition 2.5: Let X be a complex manifold. A variation of Frobenius
algebras (VFA) on X is a weak C-VHS (B,∇, B0 ⊂ B1 ⊂ ... ⊂ Bn = B),
equipped with the following data.
0. A flat decomposition B = Bodd ⊕ Beven, which is compatible with the
weak C-VHS structure. Let
(B0)even ⊂ (B1)even ⊂ ... ⊂ (Bn)even = Beven,
(B0)odd ⊂ (B1)odd ⊂ ... ⊂ (Bn)odd = Bodd,
be the Hodge filtration on Beven, Bodd. We denote (Bi)even/(Bi−1)even
by A2i, (B
i)odd/(Bi−1)odd by A2i+1. The bundle A = ⊕Ai is naturally
isomorphic to Bgr.
1. An isomorphism OX ∼= (B0)even.
2. A structure of weak VFA on A = ⊕Ai, which satisfies the following
condition •. Let τ : TX −→A be the map associated with the weak
VFA structure, t : A ⊗ TX −→A be the homomorphism mapping
a ⊗ −→v to a · τ(−→v ) and t : A−→A ⊗ Ω1X the map obtained by the
duality (TX)∗ ∼= Ω1X.
• Under the natural identification A ∼= Bgr, the map t corresponds to the
Higgs field (a. k. a. Kodaira-Spencer map).
12
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Example 2.6: (Yukawa VFA) Let M be a Calabi-Yau manifold, X
its (coarse, marked) moduli space, and K be the standard line bundle
on X with K
∣∣∣
I
= Hn,0I (M) (sometimes called the determinant bun-
dle). Let θ : OU −˜→K be a holomorphic trivialization of K over an
open set U →֒ X. Let B be a VHS over X corresponding to the total
cohomology space of M , and Bgr be the associated graded vector bun-
dle. To introduce a VFA on B, we need to define an algebraic structure
on Bgr. Let n = dimC M . The trivialization θ : OU −˜→K identifies
the sheaf of holomorphic i-forms Ωi(M) with Λn−iTM , where TM is the
holomorphic tangent bundle (see Section 4.1 for details of this identifica-
tion). Since Hp,q(M) = Hq(Ωp(M)), the isomorphism Ωi(M) ∼= Λn−iTM
results in a natural isomorphism H i(Ωn−i(M)) ∼= H i(ΛiTM). The direct
sum ⊕iH i(ΛiTM) is equipped with a natural multiplicative structure. This
gives a multiplication on B = ⊕Hn−i,i(M) = ⊕H i(Ωn−i(M)). The 2-form
(·, ·) on B comes from the Poincare´ pairing. Finally, by Tian-Todorov, TIX
is canonically isomorphic to H1(TMI) ∼= Hn−1,1I (M). This gives an em-
bedding TM →֒ B. Compatibility of these data and VHS (condition • of
Definition 2.5) is a standard result which follows from Kodaira-Spencer the-
ory. The obtained VFA is called the Yukawa VFA associated with the
trivialization θ : OU −˜→K.
3 Dubrovin algebras and quantum VFA.
In this section, we construct a Mirror counterpart to the Yukawa variation
of Frobenius algebras, which is called quantum VFA. For a graded linear
space A, let Aff(A) be an affine supermanifold which corresponds to A.
Definition 3.1: [KM] Let A be a graded linear space,1 and S = Aff(A).
Let gef be a standard pairing on A considered as a constant bilinear form
on S and v0 be an even vector field on S (called the unit field) in A. Let
Φ be a function on S (defined on all of S or, as in many geometrical cases,
on its open subset) which satisfies the following assumptions.
(i) v0(Φ) = Φ
(ii)
∑
e,f
∂3Φ
∂a∂b∂e
gef
∂3Φ
∂f∂c∂d
= (−1)deg a(deg b+deg c)
∑
e,f
∂3Φ
∂b∂c∂e
gef
∂3Φ
∂f∂d∂a
.
1In applications, A is a space underlying the cohomology algebra
13
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(iii) For all s ∈ S, the vector v0
∣∣∣
s
∈ TsS is a unit in the algebra TsS defined
by (ii).
The pair (A,Φ) is called a Dubrovin algebra, and a function Φ is
called Dubrovin potential.
Dubrovin algebras have the following properties.
Proposition 3.2: [KM] Let ∇0 be a trivial flat connection on the
tangent bundle to S. Let Cab,c ∈ S2Λ1S ⊗ TS be the tensor obtained from
∂3Φ
∂c∂b∂e
by pairing with g:
Cab,c =
∑
c,d
∂3Φ
∂a∂b∂d
gd,c
We consider Cab,c as 1-form with coefficients in End(TS). Then
(i) For all t, the operator ∇m = ∇0 + Cab,c is a flat connection on the
tangent bundle to S.
(ii) For all s ∈ S, the tensor Cab,c and the form ge,f define a structure of
Frobenius algebra on TsS.
Let V be a compact algebraic (or symplectic, or Ka¨hler) manifold. In
[KM],2 Kontsevich and Manin define, axiomatically, systems of classes
Ig,n;β ∈ H∗(M¯g,n)⊗
(
H∗(V )⊗n
)
,
where M¯g,n is the Deligne-Mumford compactification of the space of curves of
genus g with n marked points. These homology classes are called Gromov-
Witten classes. For a system of Gromov-Witten classes, Kontsevich–
Manin write down a power series
Φω(γ) :=
∑
β∈H2(V,Z)
e−
∫
β
ω
∑
n≥3
1
n!
∫
I0,n;β
1M0,n ⊗ γ ⊗ · · · ⊗ γ .
(3.1)
depending on a parameter ω ∈ H1,1(V ), with an argument γ ∈ H∗(M)(see
[KM] for details of this definition). If this series converges, [KM] prove that
it converges to a Dubrovin potential for a Frobenius algebra A = ⊕Hp,p(V ).
2In this account, we follow [Ko], which differs from [KM] in details.
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The Gromov-Witten classes are proven to exist when V is a compact alge-
braic manifold ([Ko]). This statement automatically carries over to Ka¨hler
manifolds due to results about compactness of Chow schemes for Ka¨hler
manifolds (see, e. g., [Li]).3 The resulting system of Gromov-Witten classes
coincides with the algebraic one when V is algebraic.
The power series (3.1) is known to converge when V is rational, and
conjecturally also converges (at least in some subset of S) for V Calabi-Yau.
This convergence is a part of the Mirror Conjecture. The Dubrovin potential
Φω(γ) obtained this way is called the quantum cohomology potential.
Let U ⊂ H1,1(V ) be the domain of convergence for Φω
∣∣∣
B×H1,1(V )
considered
as a function of ω, with γ running through an infinitesimal ball B in H∗(V )
with center in 0.
Definition 3.3: Consider the Frobenius algebra structure defined on the
space H∗(V ) by the 3-form ∂
3Φω
∂a∂b∂e
∣∣∣
0
, and the 2-form which is Poincare´ pair-
ing. Thus obtained Frobenius algebra is called the quantum cohomology
ring of V , associated with ω ∈ H1,1(V ).
Let A be a trivial bundle over U , with a fiberH∗(V ). Dubrovin potential
(3.1) defines a structure of Frobenius algebra on A, with multiplication in
A
∣∣∣
ω
, ω ∈ U defined by the tensor
Cca,b(ω) =
∂3Φω
∂a∂b∂e
∣∣∣
0
gec, (3.2)
where gef ∈ H∗(V )⊗H∗(V ) is the 2-vector defined by the Poincare´ pairing.
This is just another version of Definition 3.3.
Let ∇0 be a trivial connection in A, and ∇m := ∇0 + C be the con-
nection defined by the map C
∣∣∣
ω
: TωU −→End(H∗(V )), with C(t)(α) =
Cca,b(ω)(t, α) for all t ∈ TωU = H1,1(V ), α ∈ H∗(V ) = A
∣∣∣
ω
.4 Let Ai ⊂ A
be the constant sub-bundle with a fiber H i(V ) ⊂ H∗(V ) = A
∣∣∣
ω
. Apply-
ing the renumbering procedure of Definition 2.5 0. backwards, we obtain
a decomposition A = Aeven ⊕ Aodd and a filtration Aeven0 ⊂ Aeven1 ⊂ ...,
3However, in the case we are considering throughout this paper, V is a holomorphically
symplectic manifold without holomorphic curves, so Gromov-Witten classes are tautolog-
ical, and (3.1) converges automatically for all γ.
4In a more general setting, connections ∇0, ∇m were considered in Proposition 3.2; in
particular, Proposition 3.2 immediately implies that ∇m is flat.
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Aodd0 ⊂ Aodd1 ⊂ ..., on each of these bundles. This constructed filtration is
obviously constant with respect to ∇0. Therefore, A is naturally isomorphic
to its associated graded quotient Agr. We obtain that the multiplication
(3.2) is naturally defined on Agr. We denote it by • : Agr ×Agr −→Agr.
Proposition 3.4: (Kontsevich, [Ko]) Let V be a manifold equipped
with a system of Gromov–Witten classes Ig,n;β. Assume that c1(V ) = 0 and
for all n, β, the dimension of I0,n;β is the minimum value predicted by the
Atiyah-Singer theorem:
dimC I0,n;β = n+ dimC V − 3.
Let U ⊂ H1,1(V ) be a domain of convergence for (3.2), and A be a trivial
bundle over U with a fiber H∗(V ), equipped with a decomposition
A = Aeven ⊕Aodd,
a filtration
Aeven0 ⊂ Aeven1 ⊂ ..., Aodd0 ⊂ Aodd1 ⊂ ..., (3.3)
Aevenk
∣∣∣
ω
=
k⊕
i=0
H2i(V ), Aoddk
∣∣∣
ω
=
k⊕
i=0
H2i+1(V ), and connections ∇0, ∇m as
above. Then
∇m (Aevenk ) ⊂ Aevenk+1 ⊗ Ω1U
∇m
(
Aoddk
)
⊂ Aoddk+1 ⊗ Ω1U
(3.4)
Remark 3.5: From (3.4) it follows immediately that the filtration (3.3)
and the connection ∇m define on the bundles Aeven, Aodd a complex varia-
tion of Hodge structures.
Proof: Clearly, ∇0 (Aεk) ⊂ Aεk ⊗ Ω1U , for ε = even, odd. By definition
of ∇m, to prove (3.4), we need only to show that
C (Aεk) ⊂ Aεk+1 ⊗ Ω1U, ε = even, odd (3.5)
Unraveling the definition of C, we obtain that (3.5) is implied by the fol-
lowing lemma.
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Lemma 3.6: Let c ∈ H1,1(V ), ω ∈ U , and
•ω : H∗(V )×H∗(V )−→H∗(V )
be the quantum multiplication on H∗(M) associated with ω (see Definition
3.3). Then c •ω α ∈ H i+2(V ), for all α ∈ H i(V ).
Proof: Let
(·, ·) : H∗(V )×H∗(V )−→ C
be the Poincare´ form, and
(x, y, z)c : H
∗(V )×H∗(V )×H∗(V )−→ C
be the form defined by (x, y, z)c = (x •ω y, z). Let
Jg,n;β ∈ (H∗(V,Q))⊗n −→H∗(M¯g,n,Q)
be the map defined by the Poincare´ duality from a cycle
Ig,n;β ∈ (H∗(V,Q))⊗n ⊗H∗(M¯g,n,Q).
Since M¯0,3 is a point, we have that H∗(M¯0,3,Q) = Q. Therefore, we may
consider J0,3,β as a map from (H
∗(V,Q))⊗3 to Q. From (3.1), we have
(c •ω α,α′) =
∑
β∈H2(V,Z)
e−
∫
V
β 1
3!
J0,3,β(c, α, α
′). (3.6)
By the assumptions of Proposition 3.4, dim I0,3,β = dimV . Therefore,
J0,3,β(c, α, α
′) = 0
unless
dim c+ dimα+ dimα′ = 2dimR V.
On the other hand, the Poincare´ form is non-zero only on cocycles of com-
plementary dimension. Therefore, dim(c •x α) = dimα + 2. This proves
Proposition 3.4.
Definition 3.7: Under the assumptions of Proposition 3.4, let
1. ∇m,
2. A = Aeven ⊕Aodd,
17
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3. Aeven0 ⊂ Aeven1 ⊂ ..., Aodd0 ⊂ Aodd1 ⊂ ...,
4. • : Agr ×Agr −→Agr
be the structures we defined above. Clearly, 1 - 4 define a VFA onA. The so-
defined VFA is called the Quantum VFA (or Quantum Deformation
VFA) associated to the system of Gromov–Witten classes on V .
Remark 3.8: For V a complex manifold with no holomorphic curves,
the assumptions of Proposition 3.4 are tautologically satisfied. Therefore,
for such V the Quantum Deformation VFA is defined correctly.
4 Tian–Todorov coordinates.
In this section, we define the canonical coordinates on the moduli space
of Calabi-Yau manifolds ([BCOV]), to use further in the definition of the
Mirror Symmetry.
4.1 Yukawa map.
Let M be an n-dimensional Calabi-Yau manifold equipped with a Ricci-flat
metric and a non-degenerate section of the canonical class. Let ΛiTM be
the i-th exterior power of the holomorphic tangent bundle to M . Clearly,
ΛiTM is dual to the bundle ΩiM of holomorphic differential i-forms. On
the other hand, a non-degenerate section Ω of the canonical class defines a
duality between ΩiM and Ωn−iM . Thus, we obtain a natural isomorphism
ι : ΛiTM −→ Ωn−iM . Since M is Ricci-flat, Ω is parallel by Bochner-
Lichnerowicz. Therefore, the map ι is compatible (up to a coefficient) with
the natural Hermitian structures on the bundles ΛiTM,Ωn−iM . The iso-
morphism ι induces an isomorphism of cohomology
η : H∗(ΛiTM) −˜→H∗(Ωn−iM)
which is called the Yukawa map. Consider the map of differential forms
with values in vector bundles,
η˜ : Λ∗(ΛiTM)−→ Λ∗(Ωn−iM) (4.1.1)
Since η is compatible with the metric, η maps harmonic forms to harmonic
forms. Hence, the Yukawa map is induced by η˜. Further on, we don’t
discriminate between η and η˜.
18
Mirror conjecture final version, November 95
4.2 Kodaira–Spencer theory.
Let [·, ·] : TM × TM −→ TM be the commutator bracket. Consider the
corresponding bracket on the cohomology
[·, ·] : H1(Λ1TM)×H1(Λ1TM)−→H2(Λ1TM)
(often called the Schouten bracket; see [Koz]). We have also a multipli-
cation map
∪ : H1(Λ1TM)×H1(Λ1TM)−→H2(Λ2TM)
Both of these maps have their counterparts acting on differential forms:
[·, ·] : Λ0,1(Λ1TM)× Λ0,1(Λ1TM)−→ Λ0,2(Λ1TM),
∪ : Λ0,1(Λ1TM)× Λ0,1(Λ1TM)−→ Λ0,2(Λ2TM) (4.2.2)
Deformations of the complex structure operator ∂¯ are parametrized by
∂¯new = ∂¯+A, where A is a (0, 1)-form with coefficients in TM . By definition,
∂¯newf = ∂¯f +
∑
λi · −→vi (f), (4.2.3)
where A =
∑
λi−→vi , λi ∈ Λ0,1(M), −→vi a holomorphic vector field. Kodaira–
Spencer theory for the deformations of complex structure can be boiled down
to the following statement.
Theorem 4.2.1: (Kodaira–Spencer, Kuranishi) The operator ∂¯new
defines a complex structure if and only if
[A,A] = ∂¯A, (4.2.4)
where ∂¯ : Λ0,q(M,TM)−→ Λ0,q+1(M,TM) is the ∂¯-operator on the forms
with coefficients in TM . The forms A1, A2 ∈ Λ0,1(M,TM) define isomorphic
complex structures if and only if A1 −A2 = ∂¯x, for x a holomorphic vector
field on M .
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4.3 Tian–Todorov lemma.
Under the assumptions of Subsection 4.1, it is possible to relate the maps
[·, ·] and ∪ of (4.2.2).
Lemma 4.3.2: (Tian–Todorov) [Ti], [Tod1]. Let
η : Λ0,q(ΛiTM)−→ Λ0,q(Ωn−iM)
be the map of (4.1.1). Then
η([α, β]) = ∂(η(α) •
Y
η(β)) − ∂η(α) •
Y
η(β)− η(α) •
Y
∂η(β),
(4.3.5)
where ∂ : Λ0,q(ΩpM) = Λp,q(M)−→ Λp+1,q(M) = Λ0,q(Ωp+1M) is the
standard Dolbeault differential on (p, q)-forms, α, β ∈ Λ0,1(M,TM), and
•
Y
: Λp,q(M)× Λp′,q′(M)−→ Λp+p′−n,q+q′(M)
is the so-called “Yukawa product” on forms, a •
Y
b = η
(
η−1(a) ∪ η−1(b)
)
Proof: Both sides of (4.3.5) contain differential operators of first order.
Therefore it suffices to prove (4.3.5) for M = Cn with the flat metric. In
this case (4.3.5) is proved trivially by computation.
4.4 Green operators and the Schouten bracket.
The Tian-Todorov lemma provides a way to solve the equation (4.2.4) ex-
plicitly, thus proving the Torelli theorem for Calabi-Yau manifolds (known
as Bogomolov-Tian-Todorov theorem).
Let
•
Y
: Λp,q(M)× Λp′,q′(M)−→ Λp+p′−n,q+q′(M)
be the multiplication map obtained from
∪ : Λ0,q(Λn−pTM)× Λ0,q′(Λn−p′TM)−→ Λ0,q+q′(Λ2n−p−p′TM)
by twisting with η. The map •
Y
is called the Yukawa product.
Applying η to both sides of (4.2.4), and then using the Tian–Todorov
lemma, we obtain the equation
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∂(a •
Y
a) = ∂¯a, (4.4.6)
where a = η(A) is a section of Λn−1,1(M) satisfying ∂(a) = 0. This equation
is easier to solve than (4.2.4).
Lemma 4.4.3: (∂∂¯-lemma) [GH] Let ω ∈ Λp,q(M) be a form which is
∂¯-closed and ∂-exact. Then ω = ∂∂¯θ for some θ ∈ Λp−1,q−1(M).
Let G∂¯ : Λ
p,q(M)−→ Λp,q−1(M) be the Green operator which inverts
the differential operator ∂¯. This operator is defined by G∂¯ = G∆ ◦ ∂¯∗,
where G∆ is the usual Green operator inverting the Laplacian. Consider
the standard orthogonal decomposition
Λp,q = im ∂¯ ⊕ im ∂¯∗ ⊕Hp,q,
where Hp,q is the space of harmonic (p, q)-forms. Then G∂¯ satisfies
G∂¯
∣∣∣
im ∂¯∗
=0,
G∂¯
∣∣∣
Hp,q
=0,
G∂¯ ◦ ∂¯
∣∣∣
im ∂¯
=Id
(4.4.7)
By Kodaira, G∂¯ commutes with ∂:
G∂¯ ◦ ∂ = −∂ ◦G∂¯ .
The following lemma is a key statement in constructing Tian-Todorov coor-
dinates.
Lemma 4.4.4: Let a ∈ Hn−1,1(M) be a harmonic form on M . We
define a form ak ∈ Λn−1,1(M) recursively by


ak :=
∑
i+j=n−1
i,j>0
G∂¯∂ (ai •Y aj) , k > 1
a0 := a,
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where
•
Y
: Λn−1,1(M)× Λn−1,1(M)−→ Λn−2,2(M)
is the Yukawa product.
Then
∂¯

 ∑
i+j=k−1
∂(ai •Y aj)

 = 0
for all k > 0.
Proof: For α, β ∈ Λp,q(M), let [α, β] := ∂(α •
Y
β). This operation is
Yukawa dual to the Schouten bracket of Subsection 4.2. Since the Schouten
bracket commutes with the holomorphic structure operator, and the Yukawa
duality operator η : Ωi(M)−→ Λn−1TM is holomorphic, we have
∂¯[x, y] = [∂¯x, y] + [x, ∂¯y]. (4.4.8)
Therefore,
∂¯[ai, aj ] = [∂¯ai, aj ] + [ai, ∂¯aj]
Using induction, we may assume that
∂¯
∑
i+j=p−1
[ai, aj ] = 0.
for p < n. Using the ∂∂¯-lemma and (4.4.8), we obtain that for such p, the
form ∑
i+j=p−1
[ai, aj ] = ∂
∑
i+j=p−1
ai •Y aj
is ∂¯-exact. Therefore, by (4.4.7), we have
∂¯ap = ∂¯G∂¯

 ∑
i+j=p−1
[ai, aj ]

 = ∑
i+j=p−1
[ai, aj ]. (4.4.9)
This implies that
∂¯[ap, aq] = [∂¯ap, aq] + [ap, ∂¯aq] =
∑
i+j=p−1
[[ai, aj ], aq] +
∑
i+j=q−1
[ap, [ai, aj ]].
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Therefore,
∂¯
∑
p+q=k−1
[ap, aq] =
∑
i+j+l=k−2
(
[[ai, aj ], al] + [ai, [aj , al]]
)
(4.4.10)
Clearly, the bracket [·, ·] is supersymmetric:
[α, β] = (−1)(p−1)(q−1)[β, α], α ∈ Λn−p,p(M), β ∈ Λn−q,q(M)
This implies that the sum (4.4.10) is zero. Lemma 4.4.4 is proven.
4.5 Canonical coordinates.
We use the notation introduced in Subsection 4.4. For any a ∈ Hn−1,1(M),
consider the sum
∑
ai, where the ai are the forms defined in Lemma 4.4.4.
Clearly from Hodge theory, the operator G∂¯ is compact and ∂ is elliptic.
From spectral theory it might be seen that the sum
∑
ai converges abso-
lutely for sufficiently small a. Let A ∈ Λ0,1(TM) be the (0, 1)-form with
coefficients in TM which corresponds to
∑
ai ∈ Λ0,1
(
Ωn−1(M)
)
by the
Yukawa isomorphism (4.1.1).
Claim 4.5.5: The form A satisfies the equation (4.2.4) of Kodaira-
Spencer.
Proof: By construction, ∂ai = 0, for all i. Therefore, by Tian-Todorov,
to prove (4.2.4) it suffices to show that A′ =
∑
ai satisfies ∂(A
′•
Y
A′) = ∂¯A′.
By definition,
∂¯A′ =
∑
p
∂¯G∂¯

 ∑
i+j=p−1
[ai, aj ]

 .
By (4.4.9) and Lemma 4.4.4, we have
∂¯G∂¯
∑
i+j=p−1
[ai, aj ] =
∑
i+j=p−1
[ai, aj ].
Therefore,
∂¯A′ =
∑
p
∑
i+j=p−1
[ai, aj ] = [A
′, A′].
We obtain that A defines a complex structure on M , in the sense of
Kuranishi (Theorem 4.2.1). We have proved the following theorem.
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Theorem 4.5.6: (Bogomolov – Tian – Todorov) [B1] [Ti], [Tod1]
For each cohomology class α ∈ H1(M,TM), consider the corresponding
harmonic form a ∈ Hn−1,1(M). Let B ⊂ H1(M,T ) be an open ball where
the series
∑
ai converges. LetX be the moduli space ofM . Let ϕ : B −→X
be the map associating to α the complex structure defined by A =
∑
ai.
Then, for B sufficiently small, the map ϕ is an open embedding, which is
independent of the choice of Ka¨hler metric on M .
Proof: Immediately follows from Theorem 4.2.1.
Definition 4.5.7: Let M be a Calabi-Yau manifold and x ∈ X be a
point in its moduli space. Consider the coordinates in a neighbourhood ofX,
defined as in Theorem 4.5.6. These coordinates are called Tian-Todorov
coordinates on X.
Remark 4.5.8: Tian–Todorov coordinates depend on the base point
x ∈ X. The translation between these coordinates, for different base points,
is not necessarily flat.
Remark 4.5.9: In the context of the Mirror Symmetry, Tian–Todorov
coordinates were introduced in [BCOV]. Since then, these coordinates have
been common in the physics literature. The definition above comes from A.
Todorov ([Tod1]; also [Ti]).
5 The Mirror Conjecture.
5.1 Mirror Symmetry from a mathematician’s point of view.
Definition 5.1: LetM be a Calabi-Yau manifold, and X be its deformation
space. The Tian-Todorov lemma provides that for every I ∈ X, there are
canonical flat1 coordinates in a neighbourhood UI of X (first introduced in
[BCOV]; for a formal definition, see Section 4 of the present paper). These
coordinates are called Tian-Todorov coordinates on X. Denote by K
the standard line bundle over X, K
∣∣∣
x
= Hn,0x (M). Let A be a VFA over U ,
where U is an open subset in a linear space L. We say that Yukawa VFA
is equivalent to A if for all I ∈ X there exist
1These coordinates depend on I , in such a way that translation between UI for different
I is not flat.
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(i) An open set U0 ⊂ U and an isomorphism ϕI : U0 −→ UI , preserving flat
coordinates, where UI is a Tian-Todorov neighbourhood of I equipped
with flat coordinates.
(ii) A trivialization θ of K over UI ⊂ Comp.
Let Yu be the Yukawa VFA on UI defined by θ, and H be its total space, H =
H∗(M)× UI .
(iii) An isomorphism ϕ∗IA ∼ H of vector bundles over UI inducing an iso-
morphism of variations of Frobenius algebras.2
Mirror Conjecture: Let M be a Calabi-Yau manifold. We say that
the Mirror Conjecture holds for M if there exist a Calabi-Yau manifold
W (called Mirror dual Calabi-Yau manifold) such that the power series
(3.1) converges for M and W in nonempty open sets, the assumptions of
Proposition 3.4 are satisfied for M and W , Yukawa VFA for M is equivalent
to Quantum VFA for W , and Yukawa VFA for W is equivalent to Quantum
VFA for M .
Remark 5.2: The quantum VFA Q = ⊕Hp,q(M) has a subalgebra
Qp,p = ⊕Hp,p. Similarly, the Yukawa VFA has a subalgebra
Y n−p,p = ⊕Hn−p,pI (M).
Often, Mirror Symmetry is understood as an isomorphism between these
subalgebras. Our proof of Mirror Symmetry for holomorphically symplectic
manifolds works equally well in both of these cases.
Remark 5.3: It is important to notice that, in our definition, the Quan-
tum VFA depends on the trivialization θ of the linear bundle K. To wit,
Mirror Symmetry gives information about multiplication in the cohomology
(by identifying Yukawa and Quantum rings) but only up to a scalar multiple.
The following theorem is the main result of this paper. It is proven in
Section 12.
2The VFA structure on ϕ∗IA is the pullback of the VFA on A
∣∣∣
U0
.
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Theorem 5.4: Let M be a compact holomorphically symplectic mani-
fold, which is generic in its deformation class.3 Then the Mirror Conjecture
holds for M , which is Mirror dual to itself.
5.2 Appendix: Mirror Symmetry from a physicist’s point of
view.
For a physicist, it is more natural to think of Mirror Symmetry in terms of
the so-called correlation functions. For completeness, we give an (equivalent
to ours) statement of the Mirror Conjecture in these terms. We assume that
M and W are mirror dual and explain what it means in the language of
correlators.
Let
x ∈ H1,1(W ), y ∈ Comp(M), y = ϕI(x),
where ϕI is the Tian-Todorov map. Then Yukawa (B-model) correlations
are i-forms on ⊕Hp,qy (M) defined by
〈α1...αi〉 −→
∫
M
α1 •Y ... •Y αi (5.1)
where •
Y
is the Yukawa product associated with the complex structure y.
The quantum (A-model) correlations are, similarly, i-forms on ⊕Hp,q(W )
defined by
〈α1...αi〉 −→ (α1 •Q ... •Q αi−1, αi) (5.2)
where •Q is the quantum product associated with x ∈ H1,1(W ) and (·, ·)
is the Poincare´ form on the quantum cohomology (which is a part of the
Frobenius structure on quantum cohomology). The marginal correlators
are, in the B-model situation, n-forms on TyComp = H
n−1,1
y (M) defined
by (5.1), and, on the A-model side, n-forms on H1,1(W ) defined by (5.2).
The “parameter space” for the A-model is the convergence domain of the
Dubrovin potential in H1,1(W ) (or a quotient thereof by an action of a
discrete group, but we are interested only in the local structure of the pa-
rameter space). The “parameter space” for the A-model is the image of ϕI
in Comp(M), or, what is equivalent, an open subset in Hn−1,1(M). Denote
the parameter spaces of the respective models by PA, PB . The Mirror Con-
jecture says that (shrinking PA, PB if necessary) under the appropriate flat
3Pic(M) = 0 will suffice.
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identification of PA ⊂ H1,1(W ), PB ⊂ Hn−1,1(W ), H1,1(M) ∼= Hn−1,1(M),
the bundles ⊕Hp,qy (M), ⊕Hp,q(W ) can be identified in such a way that cor-
relation functions are mapped to correlation functions (this corresponds to
compatibility of ϕI with the Frobenius structure), and marginal correlators
to marginal corelators (this corresponds to compatibility of ϕI with the em-
beddings τ : TU −→Agr). Notice that, for a physicist, only weak VFA are
of significance. Still, it is easier and conceptually more natural to formulate
the Mirror Conjecture using the VFA and weak C-VHS.
6 Quantum VFA for holomorphically symplectic
manifolds.
Let M be a compact holomorphically symplectic manifold which is generic
in its deformation class. In [V-Sym] it is proven that all closed complex
subvarieties of M are even-dimensional. In particular, M has no curves
(and no integral (1,1)-cycles). Therefore, all non-trivial Gromov-Witten
classes for M vanish. Applying the formula (3.1), we find that the quantum
deformation potential is
Φω(γ) = ε(exp(x)),
where ε : H∗(M)−→ C is the trace form projecting H∗(M) to H2n(M) =
C, and exp : H∗(M)−→H∗(M) maps x to 1+x+ x22! + · · ·+ x
n
n! + · · · . Note
that Φω(γ) is independent of ω.
For an arbitrary supercommutative Frobenius algebra A over C or R,
the function Φ(x) = ε(exp(x)) satisfies the conditions of Definition 3.1. We
call it the primary Dubrovin potential associated with the algebra
A.
Proposition 6.1: Let A be a supercommutative Frobenius algebra over
a field of char 0, and Φ be a primary Dubrovin potential. Then
∂3Φ
∂a∂b∂c
(x, y, z)
∣∣∣
t
= ε(xyz exp(t)),
where a, b, c are arbitrary vectors in TtS = A.
Proof: Clear.
Corollary 6.2: Let Cca,b(x) : A × A−→A be the product in TxS de-
termined by the tensor ∂
3Φ
∂a∂b∂c
∣∣∣
x
as in Proposition 3.2. Let Cca,b(0) be the
original product in A. Then
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Cca,b(t)(x, y) = C
c
a,b(0)(x, exp(t)y).
Proof: Follows from Proposition 6.1.
We obtain the following description of Quantum VFA.
Definition 6.3: Let A = A0 ⊕ A1 ⊕ ... ⊕ An be a graded Frobenius
algebra and U ⊂ Aff(A2) be a submanifold of Aff(A2). Let A = U × A be
the trivial bundle over U , with fiber A, and ∇0 be the trivial connection
in A. There is a natural embedding TU τ→֒ A and a natural multiplication
· : A×A−→A. Let Cca,b : A⊗ TU −→A be the map associating τ(t) · a
to a ⊗ t, where a ∈ A, t ∈ TU , and t · a is multiplication in A. Consider
Cca,b as a map from A to A⊗ Λ1U . Let ∇m be the connection in A defined
by ∇m = ∇0 + Cca,b. Consider the decomposition of A onto even and odd
parts, A = Aodd ⊕ Aeven , with Hodge filtration in Aodd, Aeven defined as
in Proposition 3.4, Aevenk =
k⊕
i=0
A2i, Aoddk =
k⊕
i=0
A2i+1. Since the filtration
Aeven0 ⊂ Aeven1 ⊂ ..., Aodd0 ⊂ Aodd1 ⊂ ... comes from the grading, we may
naturally identify A with its associated graded bundle Agr. Clearly,(
A = Aodd ⊕Aeven,∇m,Aeven0 ⊂ Aeven1 ⊂ ...,Aodd0 ⊂ Aodd1 ⊂ ...
· : Agr ×Agr −→Agr,
)
gives a VFA structure on A. Such VFA is called the trivial VFA associ-
ated with A, U ⊂ Aff(A2).
Theorem 6.4: LetM be a Ka¨hler manifold without holomorphic curves,
A = H∗(M), U = Aff(H1,1(M)), and A be the trivial bundle over U with
the fiber H∗(M), equipped with a Quantum VFA structure. Then A is the
trivial VFA over U .
Proof: Clear.
This finishes the calculation of quantum cohomology VFA in the case of
a holomorphically symplectic manifold which is generic in its deformation
class.
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Appendix. To see how our computation works in physicists’ language,
the reader can check the following trivial claim. The “marginal correlations”
of Section 5 are easy to write down. Let S1,1 be the base for the Quantum
VFA, denoted by A, and i : TS1,1 →֒ B be the homomorphism which is a
part of the VFA structure. Since the bundle TS1,1 is trivial, we may consider
i as a map from the bundle TS1,1 = H1,1(M) × S1,1 to A. By definition,
marginal correlations are n-linear functions on H1,1(M), depending on a
base point s ∈ S1,1. From Theorem 6.4 it follows that the marginal corre-
lation function is a map from S1,1 to the space Sn(H1,1(M))∗ of symmetric
n-forms on H1,1(M), given by
〈α1, ...αn〉x =
(
i(α1) •x ... •x i(αn−1), i(αn)
)
as in (5.2).
Claim 6.5: Let A be the Quantum VFA associated with a manifold
which has no rational curves. Then the “marginal correlator” map
〈·, ·, ... ·〉x : S1,1 −→ Sn(H1,1(M))∗
is constant.
Proof: Clear.
7 Periods of holomorphically symplectic
manifolds and Yukawa VFA.
For clarifications and missing definitions, the reader is referred to [V].
In this section, we give an outline of how the Yukawa product on the
cohomology of a holomorphically symplectic manifold M can be expressed
through a group action on its period space.
Let M be a compact holomorphically symplectic manifold of Ka¨hler
type, and Comp be its coarse marked deformation space. Assume1 that
dimH2,0(M) = 1. In [Beau] (Remarques, p. 775), Beauville defined a
canonical non-degenerate symmetric 2-form (·, ·)H on H2(M) of signature
(n − 3, 3), n = dimH2(M). We call this form the Bogomolov-Beauville
1This assumption is needed only to simplify the exposition. Details in [V], Section 3.
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pairing. For a complex structure I ∈ Comp, let ρI : u(1)−→End(H∗(M))
be the linear operator mapping t ∈ u(1) ≡ R to the endomorphism
ωp,q −→ (p − q)√−1 ωp,qt,
for all ωp,q ∈ Hp,qI (M). Let g0(M) ⊂ End(H∗(M)) be the Lie algebra
generated by ρI for all I ∈ Comp, and G0(M) ⊂ End(H∗(M)) be the
corresponding Lie group. As [V], Theorem 5.1 implies, ρI preserves the
form (·, ·)H, for all I ∈ Comp. This defines a Lie algebra homomorphism
ρ : g0(M)−→ so
(
H2(M), (·, ·)H
)
. (7.1)
Theorem 7.1: ([V], Theorem 12.2) The map (7.1) is an isomorphism.
Let u be the unit vector in u(1), and ad I = ρI(u) : H
2(M)−→H2(M)
be the corresponding endomorphism. Let X ⊂ g0(M) be the G0(M)-orbit
of ad I, for some I. As the following claim implies, X is independent of
I ∈ Comp.
Claim 7.2: For all L ∈ Comp, the endomorphism adL ∈ End(H∗(M))
belongs to X.
Proof: By definition, the endomorphism adL belongs to g0(M). On
the other hand, we proved that g0(M) is naturally isomorphic to so(V),
where V is the space H2(M,R) equipped with the Bogomolov-Beauville
form (·, ·)H. Consider adL as an endomorphism of V. The operator adL has
two non-zero eigenvalues, 2
√−1 and −2√−1 , corresponding to H2,0L (M)
and H0,2L (M) respectively. Let V 6=0 be the subspace of V corresponding to
these eigenvalues,
V6=0 =
(
H2,0L (M)⊕H0,2L (M)
)
∩H2(M,R).
Since h2,0(M) = 1, the space V6=0 is 2-dimensional. Then (·, ·)H restricted
to V6=0 is positive definite. Now, Claim 7.2 is an implication of the following
linear algebra observation.
• For all x ∈ so(V) with two non-zero eigenvalues 2√−1 and −2√−1
of multiplicity one, and such that (·, ·)H restricted to V 6=0 is positive
definite, we have x ∈ X.
30
Mirror conjecture final version, November 95
Denote the map I −→ ad I by Po : Comp−→X. Identifying g0(M)
with its dual space, we can consider X as a coadjoint orbit. Therefore,
X is equipped with a natural complex structure (as a coadjoint orbit of a
reductive group).2
For I ∈ Comp, let GI0(M) ⊂ G0(M) be the stabilizer of Po(I) ∈ g0(M),
under the adjoint action of G0(M) on g0(M):
GI0(M) = {g ∈ G0(M) | g(ρI(u)) = ad I} .
Let Comp be the moduli space ofM , andK be the standard holomorphic
line bundle over Comp with fibers K
∣∣∣
I
= H0I (Ω
n(M)), n = dimC M , I ∈
Comp. Let Ω be the standard holomorphic line bundle over Comp with
fibers Ω
∣∣∣
I
= H2,0I (M). By definition, K = Ω
n/2. Let Ω ⊂ X ×H2(M,C) be
the line bundle over X, with fibers
Ω
∣∣∣
x
= {l ∈ H2(M,C) | xl = 2√−1 l}.
Clearly, Ω = P ∗oΩ. Therefore, P
∗
o (Ω)
n
2 = K. The bundle Ω is naturally
G0(M)-equivariant. This gives an action of G
I
0(M) on Ω
∣∣∣
ad I
, for all I ∈
Comp. Since the fiber of Ωn/2 in ad I ∈ X is naturally isomorphic to the
fiber of K in I ∈ Comp, we obtain also a natural action of GI0(M) on
K
∣∣∣
I
∼= Hn,0I (M).
The following theorem will be proven in Section 10.
Theorem 7.3: For I ∈ Comp, consider the natural action of the group
GI0(M) on H
∗(M), Hn,0I (M). Let
YI : H
∗(M)×H∗(M)−→H∗(M)⊗Hn,0I (M)
be the Yukawa product. Then YI commutes with the action of G
I
0(M).
Consider the trivial bundle B over X, with the fiber H∗(M), B = X ×
H∗(M). The action of G0(M) on H∗(M), X defines a G0(M)-equivariant
structure onB. Theorem 7.3 automatically allows us to define an equivariant
2 By Bogomolov, the map Po is an open covering, and is holomorphic with respect to
this complex structure.
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mutiplicative structure •B : B ×B −→B⊗K on B which can be, a priori,
dependent on the choice of I. For x ∈ X, h1, h2 ∈ B
∣∣∣
x
, x = g(Po(I)),
λ ∈ K
∣∣∣
x
, we set
h1 •B,g h2
∣∣∣
x
= g(λ)g(YI (g
−1h1, g−1h2))
∣∣∣
g(x)
. (7.2)
To prove that (7.2) defines an equivariant product h1 •B h2 on B, we have
to show that this •B,g is independent on the choice of g. For two possible
choices g, g′, we have x = g−1g′ ∈ GI0(M), because GI0(M) is the stabilizer
of Po(I). Clearly, from the definition,
h1 •B,g h2 = x−1
(
x(h1) •B,g′ x(h2)
)
.
Theorem 7.3 implies that h1 •B,g h2 = h1 •B,g′ h2.
Theorem 7.4: Let P ∗o (B) bethea trivial bundle over Comp with fiber
H∗(M), and
•
Y
: P ∗o (B)× P ∗o (B)−→ P ∗o (B)⊗K
be the Yukawa product in P ∗o (B). Let •B be the equivariant product in B
associated to I ∈ Comp as above. Then •B is independent of I, and •Y
coincides with the pullback of •B.
Theorem 7.4 will be proven in Section 10.
8 The Spin(5)-action on H∗(M).
We refer to [V] for details of definitions and for missing proofs. A hy-
perka¨hler manifold is a Riemannian manifold M equipped with three com-
plex structures I, J and K, such that I ◦ J = −J ◦ I = K and M is Ka¨hler
with respect to I, J and K. Relations between I, J and K imply that there
is an action of the quaternions in its tangent space.
Let M be a complex manifold which admits a hyperka¨hler structure.
A simple linear algebra argument implies that M , considered as a complex
manifold with the complex structure coming from the standard embedding
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C →֒ H, is equipped with a holomorphic symplectic form. 1 The Calabi-Yau
theorem [Y] shows that, conversely, every compact holomorphically sym-
plectic Ka¨hler manifold admits a hyperka¨hler structure, which is uniquely
defined by these data.
8.1 Quaternionic-Hermitian spaces and differential forms
over a hyperka¨hler manifold.
Let M be a holomorphically symplectic Ka¨hler manifold, and
H = (I, J,K, (·, ·))
be a hyperka¨hler structure on M , which exists and is unique by the Calabi-
Yau theorem. Consider the Ka¨hler classes ωI , ωJ , ωK ∈ H2(M,R) associ-
ated with I, J , K, and let Lωα , Λωα : H
∗(M)−→H∗(M), α = I, J,K, be
the corresponding Hodge operators.
Theorem 8.1: ([V-so], Theorem 1) The operators Lωα , Λωα , α =
I, J,K, generate a 10-dimensional Lie algebra g(H), which is naturally iso-
morphic to so(4, 1).
Sketch of a proof: Consider the Hodge operators Lωα ,Λωα , α =
I, J,K, acting on differential forms over M . These operators commute with
the Laplacian (by Kodaira) and hence act on cohomology. Therefore, to
prove Theorem 8.1 it suffices to show that Lωα , Λωα generate a Lie algebra
so(4, 1) acting on differential forms.
Let T be a vector space equipped with a quaternionic action and a pos-
itive definite R-valued symmetric pairing (·, ·) such that the quaternions I,
J , K are orthogonal operators with respect to (·, ·). Such a vector space is
called quaternionic-Hermitian. For every quaternionic-Hermitian vector
space T , we can consider an action of the Lie algebra g(T ) on Λ∗
R
(T ), defined
in the same way as for differential forms: the operators Lωα act as exterior
multiplication by ωα, and the operators Λωα are adjoint to Lωα with respect
to the positive definite metric induced by (·, ·).
Let x ∈M , and TxM be the tangent space at x. SinceM is hyperka¨hler,
the space TxM is equipped with a natural quaternionic-Hermitian struc-
ture. The action of g(H) on Λ∗(M) comes from an action of g(H) on
1Precisely, let (I, J,K) be the standard generators of the quaternion algebra, and ωα,
α = I, J,K Ka¨hler forms associated with corresponding the complex structures. Then
ωJ +
√−1 ωK is holomorphically symplectic with respect to I .
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Λ∗(TxM). Therefore, to prove Theorem 8.1 it suffices to show that for
every quaternionic-Hermitian space T , the Lie algebra g(T ) is isomorphic to
so(1, 4).
Let T = ⊕Ti be an orthogonal decomposition of T onto a direct sum of
H-invariant subspaces. Clearly, Λ∗(T ) =
⊗
i Λ
∗Ti, and the action of g(H)
on ⊗Λ∗Ti is multiplicative with respect to this decomposition:
∀t ∈ Λ∗(T ), t = ⊗ti, ti ∈ Λ∗(Ti), h ∈ g(H)
h(t) =
∑
i
t1 ⊗ ...⊗ h(ti)⊗ ...tn. (8.1)
Therefore, it suffices to show that g(T ) is canonically isomorphic to so(1, 4)
for dimH T = 1. This is done by a computation.
2
Corollary 8.2: Consider the representation Spin(4, 1) −→End(H∗(M))
corresponding to the action of g(H) ∼= so(4, 1) on H∗(M). Let Z ∼= Z/2Z
be the center of Spin(1, 4), and ι be the non-trivial element of Z. Then
ι(ω) = (−1)dim ωω. In particular, Z acts trivially on Heven(M).
Proof: Using (8.1) as in the proof of Theorem 8.1, we reduce Corollary
8.2 to the case of action of Spin(1, 4) on Λ∗
R
(T ), where T is a quaternionic-
Hermitian space, dimH T = 1. Let G(T ) ⊂ Λ∗R(T ) be the Lie group corre-
sponding to g(T ). Consider an action of G(T ) on the space W = Λodd
R
(T )
for dimH T = 1. Let (·, ·) be the bilinear symmetric form on W of signature
(4, 4),
a, b−→ (−1)dim a+12 a ∪ b.
Since Λ3
R
(T ) ∼= Λ1R(T )∗ and T is quaternionic, W is equipped with a natural
quaternionic structure. It is easy to check that G(T ) preserves (·, ·) and
is generated by quaternionic matrices (see e. g. [V-so], Appendix). This
defines a non-trivial map G(T )−→ Sp(W ) ∼= Sp(1, 1). The groups G(T ),
Sp(1, 1) are simple and have the same dimension. Therefore, the natural
map G(T )−→ Sp(W ) is an isomorphism. This gives an explicit way to
identify G(T ) and Sp(1, 1).
We obtained that the Lie algebra g(T ) ∼= sp(1, 1) acts on ΛoddR (H) as on
its fundamental representation. Since Sp(1, 1) ∼= Spin(1, 4), and the central
2In [V-so], generators and relations of g(H) were written down, then a root system
found. This root system turns out to be B2, which gives an isomorphism g(H) ⊗ C ∼=
so(5,C). To find out what real form of so(5,C) corresponds to g(H), we constructed a
non-zero homomorphism g(H)−→ sp(1, 1) ∼= so(1, 4) (see also the proof of Corollary 8.2).
34
Mirror conjecture final version, November 95
element of Sp(1, 1) acts on its fundamental representation by −1, we obtain
that ι
∣∣∣∣Λodd
R
(H)
= −1. Similarly one checks that ι acts trivially on Λeven
R
(H).
8.2 Appendix. Generators and relations for the Lie algebra
so(1, 4).
For the benefit of the reader, we give the relations in g(T ), computed in
[V-so]. We abbreviate LωI , LωJ , LωK , ΛωI , ΛωJ , ΛωK by L1, L2, L3, Λ1, Λ2,
Λ3. Let Kij := [Li,Λj ], i 6= j, and H : Λ∗(T )−→ Λ∗(T ) act on Λi(T ) as
multiplication by the scalar dimR T − 2i. Then the following relations are
true and define the Lie algebra g(T ) is a unique way:
[Li, Lj] = [Λi,Λj ] = 0;
[Li,Λi] = H; [H,Li] = 2Li; [H,Λi] = −2Λi
Kij = −Kji, [Kij ,Kjk] = 2Kik, [Kij ,H] = 0
[KijLj ] = 2Li; [KijΛj] = 2Λi
[Kij , Lk] = [Kij ,Λk] = 0 (k 6= i, j)
(8.2)
9 Operator of Serre duality.
Let M be a holomorphically symplectic manifold of Ka¨hler type, dimC M =
n. The canonical class of M is naturally trivialized by the form Ωn/2, where
Ω is the holomorphic symplectic form. Let Ωi(M) ∼= (Ωn−iM)∗ be the
duality coming from this trivialization of the canonical class, and Ωi(M) ∼=
(Ωi(M))∗ be the duality defined by the holomorphically symplectic form.
Combining these two maps, we obtain an isomorphism Ωi(M) ∼= Ωn−iM .
The corresponding map ηi,j : H i(Ωj(M))−→H i(Ωn−j(M)) of cohomology
is called the Serre duality homomorphism. Let η =
⊕
i,j η
i,j . Clearly, η
is an invertible endomorphism of the spaceH∗(M). 1 Yukawa multiplication
•
Y
can be expressed via η and the usual multiplication ∪ in cohomology as
h1 •Y h2 = η−1
(
η(h1) ∪ η(h2)
)
. (9.1)
1The operator η is an involution, as follows from the argument one uses to show that
the standard Hodge operator ∗ is an involution.
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Remark: The multiplication •
Y
is determined by the complex structure
and the section of the canonical class, and the operator η depends on the
choice of holomorphic symplectic form.
Let H = (I, J,K, (·, ·)) be a hyperka¨hler structure onM , and G(H,C) ⊂
End(H∗(M,C)) be the Lie group corresponding to the Lie algebra g(H)⊗
C = so(1, 4) of Theorem 8.1.
Theorem 9.1: Consider the Serre duality operator η acting on H∗(M).
Then η belongs to G(H,C).
The proof of Theorem 9.1 takes the rest of this section.
It is possible to describe explicitly the element of G(H,C) which corre-
sponds to η. Let T be a quaternionic-Hermitian space, and g(T ) = so(1, 4)
be the Lie algebra defined in the proof of Theorem 8.1. Let Λ∗
R
(T ) ⊗ C =
⊕Λp,qI (T ) be the Hodge decomposition of Λ∗R(T ) taken with respect to the
complex structure I, and ad I, H be endomorphisms of Λ∗
R
(T )⊗C, defined
on Λp,qI (T ) ⊂ Λ∗R(T )⊗ C by
ωp,q
ad I−→ (p− q)√−1 ωpq,
ωp,q
H−→ (p + q − 2n)ωpq,
where n = dimH T .
Lemma 9.2: [V-so] The endomorphisms ad I, H belong to g(T ). These
operators generate a Cartan subalgebra2 h for g(T ). The root system of h
is
±H, ±√−1 ad I, ±H ±√−1 ad I. (9.2)
In the above situation, let w be the Weyl group element which maps
2Which is 2-dimensional, because g(T ) ∼= so(1, 4) with the root system B2.
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H −√−1 ad I to −H +√−1 ad I
and
H +
√−1 ad I to H +√−1 ad I.
(9.3)
This element defines an automorphism Θ of the root system, and therefore
an automorphism of g(T ). Since Dynkin diagram of g(T ) is B2, all automor-
phisms of g(T ) are inner, by well-known computation of Out(G) for classical
groups (see, for instance, [VO]). Therefore, we may consider Θ as an ele-
ment of G(T )/Z, where G(T ) ⊂ End(T ) is the Lie group corresponding to
g(T ) and Z is centre of G(T ). Further on, we consider Θ as an element in
G(T ) acting on g(T ) as we just described. Since Z = (±) (also [VO]), this
involves a choice of one of two possible Θ ∈ G(T ). We specify this choice
shortly thereafter.
We describe the isomorphism g(H) ∼= so(1, 4) explicitly. Let
V = V0 ⊕ V2 ⊕ V4 (9.4)
be a 5-dimensional graded vector space over R, dimV0 = dimV4 = 1,
dimV2 = 3. Let (·, ·) : V × V −→ R be a bilinear symmetric form sat-
isfying the following conditions
(i) (·, ·)
∣∣∣
V2
is positiv definite.
(ii) (V0, V2) = (V4, V2) = (V0, V0) = (V4, V4) = 0.
Such form a exists and is unique up to a graded automorphism. It has
signature (1, 4). We define an isomorphism i : g(H)−→ so(V ) as follows.
Let V o ⊂ H2(M,R) be the space spanned by ωI , ωJ , ωK . Let
(·, ·)H : H2(M)×H2(M)−→ R
be the natural (Bogomolov–Beauville) pairing considered in Section 7. By
definition (see [V]), the form (·, ·)H is positive definite on V o. We identify
V2 with V
o. Let I be a generator of V0 and Υ be a generator of V4, such
that (I,Υ) = 1, α be an index which runs through I, J , K, and ω be an
arbitrary vector in V o. We define an action of Lωα , Λωα on V as follows.
(i) LωαV4 = ΛωαV0 = 0
(ii) Lωαω = (ωα, ω)Υ
(iii) Λωαω = (ωα, ω)I
(iv) LωαI = ωα, ΛωαΥ = ωα.
(9.5)
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An easy argument (see, e. g., [V], Theorem 8.1) implies that (9.5) defines
an action of g(H) on V . 3
Let Ω ∈ V o⊗C be the form Ω = ωJ+
√−1ωK , and Θ0 : V ⊗C−→ V ⊗C
be the endomorphism defined by
Θ0(I) = Ω, Θ0(Ω¯) = Υ, Θ0(ωI) = ωI , Θ0(Ω) = I,Θ0(Υ) = Ω¯.
Clearly, Θ0 is orthogonal and detΘ0 = 1. Since (G(H) ⊗C) /Z = SO(5,C),
every orthogonal automorphism γ of V × C, det γ = 1 corresponds to an
element of G(H,C)/Z. Therefore, we may consider Θ0 as an element of
G(H)/Z = Aut(G) = SO(1, 4).
Claim 9.3: The adjoint action of Θ0 on g(H) satisfies (9.3).
Proof: A calculation.
It is also possible to check by calculation that η acts on H∗(M) nor-
malizing g(H) and the resulting automorphism of g(H) coincides with Θ0
(see Proposition 9.7). However, Aut(g(H)) ∼= Sp(1, 1)/(±1), while G(H) ∼=
Sp(1, 1), unless there is no odd-dimensional cohomology. To give an explicit
statement of Theorem 9.1, we need to get rid of the ambiguity in sign.
Let T be a quaternionic-Hermitian space, dimH T = 1, andW = Λ
odd
R
(T )
be the representation of Sp(1, 1) defined in the proof of Corollary 8.2. Let
LΩ,ΛΩ : W ⊗C−→W ⊗C, LΩ = LωJ +
√−1LωK , ΛΩ = ΛωJ +
√−1 ΛωK .
Let LΩ¯,ΛΩ¯ : W ⊗ C−→W ⊗ C be the complex conjugate operators to
LΩ, ΛΩ, LΩ¯ = LωJ −
√−1 LωK , ΛΩ¯ = ΛωJ −
√−1 ΛωK . Let MΩ, MΩ¯ :
W ⊗ C−→W ⊗ C be the maps
t
MΩ−→ (LΩ + ΛΩ¯)t,
t
MΩ¯−→ (LΩ¯ + ΛΩ)t.
Let W = W a ⊕W b be the decomposition defined by W a = Λ1,0(T ) ⊕
Λ1,2(T ), W b = Λ0,1(T )⊕ Λ2,1(T ). Since Ω = ωJ +
√−1 ωK is a (2,0)-form,
and Ω¯ is a (0,2)-form,
3Let T be a quaternionic-Hermitian space, dimH T = 1. As a representation of g(H) =
g(T ), the space V is canonically isomorphic to g(T )Λ0(T ) ⊂ Λ∗(T ), where g(T )Λ0(T ) is
a minimal g(T )-invariant subspace of Λ∗(T ) containing 0-forms.
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• LΩ maps Λp,q(T ) to Λp+2,q(T )
• ΛΩ¯ maps Λp,q(T ) to Λp−2,q(T )
• LΩ¯ maps Λp,q(T ) to Λp,q+2(T )
• ΛΩ maps Λp,q(T ) to Λp,q−2(T ).
Therefore, LΩ, ΛΩ¯ vanish on W
a and LΩ¯, ΛΩ vanish on W
b. The triples LΩ,
ΛΩ¯, H−
√−1ad I and LΩ¯, ΛΩ, H+
√−1ad I satisfy relations of sl(2) for the
standard vectors e, f, h ∈ sl(2). Clearly, W b is a representation of weight
one for the sl(2) generated by LΩ, ΛΩ¯, H −
√−1 ad I, and W a for LΩ¯, ΛΩ,
H+
√−1ad I. A computation of the action of f+e on sl(2)-representations
of weight one implies that (MΩ)
2
∣∣∣
Wb
= Id and (MΩ¯)
2
∣∣∣
Wa
= Id. Let Θ ∈
End(W ⊗ C),
Θ(t) = MΩ + M
2
Ω¯.
Lemma 9.4: The endomorphism Θ ∈ End(W⊗C) belongs to Sp(1, 1)⊗
C ⊂ End(W ⊗ C).
Proof: Define a scalar product (·, ·) on Λodd(T ) as follows. Let ε :
Λ∗(T )−→ R be the standard projection to Λ4(T ) ∼= R, and
〈·, ·〉 : Λodd(T )× Λodd(T )−→ R
be the Poincare´ form defined by 〈x, y〉 = ε(x ∧ y). We define
(x, y) = 〈x, y〉, for dimx = 1,dim y = 3,
= −〈x, y〉, for dimx = 3,dim y = 1.
According to the standard construction of the Sp(1, 1)-action on Λodd(T )
(see [V-so], Appendix, or any standard textbook on classical groups, like
[VO]), the group Sp(1, 1) is identified with the group of all endomorphisms
of W which belong to EndH(W ), preserve the scalar product (·, ·) and have
determinant 1. From construction, it is clear that Θ ∈ EndH(W )⊗ C. The
eigenvalues of Θ are −1 of multiplicity 2 and 1 of multiplicity 6. Therefore,
detΘ = 1. The decomposition W = W a ⊕W b is orthogonal, and Θ is the
identity on W a. Therefore, to prove that Θ ∈ G(T,C) it remains to show
that Θ
∣∣∣
Wb
preserves the scalar product in W b. Let z1, z2 be an orthonormal
basis in Λ1,0(T ). Then W b is spanned by e11 := z¯1, e
2
1 := z¯2, e
2
1 := z¯1 ∧ Ω,
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e22 := z¯2 ∧ Ω, where Ω = z1 ∧ z2. Let d(i, j) equal 1 if either i = 1, j = 2
or i = 2, j = 1 and 0 otherwise. Let p : {1, 2} −→ {1, 2} be the function
defined by p(2) = 1, p(1) = 2. As the definition implies,
(eji , e
l
k) = d(i, k)d(j, l).
and MΩ(e
j
i ) = e
j
p(i). This implies that Θ
∣∣∣
Wb
is orthogonal. Lemma 9.4 is
proven.
Let
i : G(T,C)−→G(H,C), G(T ) = Sp(1, 1)
be the natural homomorphism.4 Denote the element i(Θ) ∈ G(H,C) by Θ.
The precise version of Theorem 9.1 follows.
Theorem 9.1′ Consider η, Θ as endomorphisms of H∗(M,C). Then
η = Θ. (9.6)
Proof: Here is the plan of the proof. As in the proof of Theorem 8.1,
we reduce (9.6) to the similar equation which holds for exterior forms over
a quaternionic-Hermitian space. The Serre duality operator can be defined
on forms, and then it is shown that it carries over to harmonic forms, which
are the cohomology. We can define the “formal” Serre duality operator
ηp,q : Λp,qI (T )−→ Λ2n−p,qI (T ),
where T is a quaternionic-Hermitian space, dimH T = n. The group G(H,C)
acts on Λ∗
R
(T ) ⊗ C. Therefore, we can speak of action of Θ on this space.
Now, to prove Theorem 9.1′ it will suffice to prove (9.6) for η, Θ acting in
Λ∗
R
(T )⊗ C.
Let T be a quaternionic-Hermitian space, and Λ∗
R
(T )⊗C = ⊕Λp,qI (T ) be
the Hodge decomposition corresponding to an operator I ∈ H considered as
a complex structure on T . We define the Serre duality operator
ηp,q : Λp,qI (T )−→ Λ2n−p,qI (T )
4Which is an isomorphism unless Hodd(M) is empty.
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as follows. Let Ω ∈ Λ2,0(T ), Ω = ωJ +
√−1 ωK . Then Ω defines a non-
degenerate C-linear pairing Λ1,0I (T ) × Λ1,0I (T )−→ C. By multiplicativity,
this defines a non-degenerate pairing
Λi,0I (T )× Λi,0I (T )−→ C. (9.7)
Let n = dimH(T ). Then the n-th exterior power of Ω is a non-zero vector
in the one-dimensional space Λ2n,0I (T ). Using the form Ω
n, we define a
non-degenerate pairing
Λi,0I (T )× Λ2n−i,0I (T )−→ C (9.8)
Considering (9.7), (9.8) as isomorphisms between Λ∗,0(T ) and
(
Λ∗,0(T )
)∗
,
we can form the composition of (9.7) and (9.8), which is a map
ηi,0T : Λ
i,0(T )−→ Λ2n−i,0(T ).
Using the canonical isomorphism Λp,q ∼= Λp,0 ⊗ Λ0,q, we define
ηp,qT : Λ
p,q(T )−→ Λ2n−p,q(T ), ηp,qT (ωp,0 ⊗ ω0,q) := ηp,0T (ωp,0)⊗ ω0,q.
Let
ηT := ⊕ηp,qT : Λ∗R(T )⊗ C−→ Λ∗R(T )⊗ C. (9.9)
Proposition 9.5: LetM be a compact hyperka¨hler manifold, of complex
dimension 2n. Let η : Hp,qI (M)−→H2n−p,qI (M) be the Serre duality oper-
ator associated with the complex structure I and a holomorphic symplectic
form Ω = ωJ +
√−1 ωK . Consider the tangent bundle of M as a bundle
of quaternionic-Hermitian spaces, and let ηT : Λ
∗
R
(M) ⊗ C−→ Λ∗
R
(M)⊗ C
be the operator defined fiberwise as in (9.9). Then ηT preserves harmonic
forms, and the resulting endomorphism of H∗(M,C) coincides with η.
Proof: Follows from the definition.
Return to the proof of Theorem 9.1′. Let T be a quaternionic-Hermitian
space and ηT , Θ be the endomorphisms of Λ
∗
R
(T ) ⊗ C constructed above.
By Proposition 9.5, we need to show that ηT = Θ. Let T = ⊕Ti be a
decomposition of T to a direct sum of quaternionic-Hermitian subspaces.
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The operators ηT and Θ are multiplicative with respect to this decomposition
(for ηT it follows from the definition, and for Θ from (8.1)):
∀t ∈ Λ∗(T ), t = ⊗ti, ti ∈ Λ∗(Ti),
ηT (t) = ηT (t1)⊗ ηT (t2)⊗ ...⊗ ηT (tn),
Θ(t) = Θ(t1)⊗Θ(t2)⊗ ...⊗Θ(tn)
(9.10)
Therefore, we may assume that dimH T = 1. On Λ
odd(T ), we have written
the action of Θ explicitly in coordinates (Lemma 9.4). It is clear that η acts
on Λodd(T ) exactly in the same way.
Let Go = SU(2) be the group of unitary quaternions acting on Λ
∗(T ) by
multiplication, and Λ−(T ) be the space of all Go-invariant 2-forms. Consider
Λeven(T ) as a representation of g(T ). It is easy to check that Λeven(T )
decomposes as
Λeven(T ) = Λ−(T )⊕
(
g(T ) · Λ0(T )
)
,
where
dimΛ−(T ) = 3, dim
(
g(T ) · Λ0(T )
)
= 5.
On the space Λ−(T ), the Lie algebra g(T ) acts trivially, and therefore, Θ
acts as the identity. Since dimH T = 1, η acts as the identity on (1, 0)-forms.
Therefore, η acts as the identity on Λ−(T ). As a representation of g(T ),
the space g(T ) · Λ0(T ) ⊂ Λeven(T ) is isomorphic to V of (9.4). We have
written explicitly the action of Θ on V . It is easy to theck that η preserves
g(T ) · Λ0(T ) and its action on g(T ) · Λ0(T ) coincides with Θ. This proves
Theorem 9.1.
Appendix. Here we give a summary of the interaction between η and
the standard Hodge operators acting on the cohomology of M .
Let M be a compact Ka¨hler manifold. For a Ka¨hler class ω ∈ H1,1I (M),
consider the Hodge endomorphism Λω : H
i(M)−→H i−2(M). A well-
known linear algebra argument5 implies that the operator Λω depends only
on the cohomology class ω, and is independent of theRiemannian or complex
structure onM . Let S ⊂ H2(M,R) be the set of all ω for which there exists a
5[BLie], VIII § 11; see also [V], Proposition 7.1.
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complex structure I for which ω lies in Ka¨hler cone. IfM is holomorphically
symplectic, [V], Lemma 12.1 implies that for all a, b, for which a, b, a+ b lie
in S, we have
(a+ b, a+ b)HΛa+b = (a, a)HΛa + (b, b)HΛb.
In [V], Lemma 5.6, we proved that S is open in H2(M,R). From the ar-
gument used in the proof of Lemma 5.6, [V], it is clear that for every open
set U ⊂ H2(M,R), there exists x ∈ S such that for all y ∈ U , we have
x+ y ∈ S. Therefore, there exist an (obviously, unique) linear map
Λˇ : H2(M)−→End(H∗(M))
such that for all a ∈ S, we have
Λˇ(a) = (a, a)HΛa.
Definition 9.6: Throughout this paper, we set Λa to be (a, a)H
−1Λˇ(a) ∈
End(H∗(M)) for all a ∈ H2(M,C), (a, a)H 6= 0.
Proposition 9.7: Let M be a holomorphically symplectic manifold of
Ka¨hler type, Ω a holomorphic symplectic form, η the operator of Serre
duality, ω a class in H1,1(M). For each automorphism x ∈ End(H∗(M)),
denote by η(x) the endomorphism ηxη−1. Then
(i) η is an involution.
(ii) η(Lω) = [ΛΩ, Lω].
(iii) η(Λω) = [ΛΩ¯, Lω].
(iv) η(LΩ¯) = ΛΩ, η(LΩ¯) = LΩ, η(ΛΩ¯) = ΛΩ,
where La : H
i(M)−→H i+2(M) is the operator of multiplication by a ∈
H2(M), and ΛΩ, ΛΩ¯ are the operators defined above.
Proof: The part (i) follows from the definition (compare η with the
Hodge operator ∗, which is also involutive). To prove (ii) – (iii), notice that
the Ka¨hler cone is Zariski dense in H1,1(M). Therefore, we may assume that
ω is a Ka¨hler class. Then, (ii), (iii) is a consequence of standard identities in
the algebra g(H) ∼= so(1, 4) associated with the hyperka¨hler structure. Part
(iv) is straightforward.
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10 Yukawa VFA as an equivariant VFA (proofs).
The chief tool used in our calculations is the following theorem.
Theorem 10.1: ([V], Theorem 11.1) Let M be a compact holomorphi-
cally symplectic manifold. Assume that dimH2,0(M) = 1. Let V be the lin-
ear space H2(M,R) equipped with a natural scalar product (·, ·)H of [Beau],
Remarques, p. 775, and [V], Theorem 5.1. Let g(M) ⊂ End(H∗(M)) be
the Lie algebra generated by Lω, Λω, where ω runs through Ka¨hler classes
corresponding to all complex structures on M . Then g(M) is isomorphic
to so(V⊕ H), where H is a 2-dimensional real vector space with hyperbolic
quadratic form.1
Let G(M) ⊂ End(H∗(M)) be the Lie group corresponding to g(M).
Lemma 10.2: Let M be a hyperka¨hler manifold equipped with a hy-
perka¨hler structure (I, J,K, (·, ·)), and Θ ∈ G(H) ⊂ G(M) be the group
element constructed in Section 9. Let
ω1, ω2 ∈ H1,1I (M), (ω1, ωI)H = (ω2, ωI)H = (ω1, ω2)H = 0.
(10.1)
Consider g = [Lω1 ,Λω2 ] as an element of the Lie algebra g0(M) ⊂ g(M).
Then Θ stabilizes g:
Ad(Θ)g = g.
Proof: Let Eg ⊂ G(M) ⊗ C be the one-dimensional subgroup corre-
sponding to g. We need to show that for all γ ∈ Eg, γ commutes with Θ.
By [V], Proposition 13.2, for all ω ∈ H2(M), we have
[g, Lω ] = (ω, ω1)HLω2 − (ω, ω1)HLω1 ,
and
[g,Λω ] = −(ω, ω1)HΛω2 + (ω, ω1)HΛω1 .
1For a holomorphically symplectic manifold with h2,0(M) = 1, h1(M) = 0, the signa-
ture of (·, ·)H is (3,m− 3), for m = h2(M) (see [V]). In this case, the Lie algebra g(M) is
isomorphic to so(4, m− 2).
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Since H2,0I (M) is orthogonal to H
1,1
I (M), we obtain that
[g, Lωα ] = [g,Λωα ] = 0,
for α = J,K. Since ωi are orthogonal to ωI , we know that [g, LωI ] =
[g,ΛωI ] = 0. Therefore, for γ ∈ Eg, the automorphism
Ad(γ) : g(M)⊗ C−→ g(M)⊗ C
acts trivially on g(H) ⊗ C ⊂ g(M) ⊗ C. Therefore, γ commutes with Θ.
This proves Lemma 10.2.
Proposition 10.3: Let M be a holomorphically symplectic manifold,
and (I1,Ω1), (I2,Ω2) holomorphic symplectic structures. Let
η1, η2 : H
∗(M)−→H∗(M)
be the Serre duality operators corresponding to
(I1,Ω1), (I2,Ω2).
Assume that the cohomology classes [Ω1], [Ω2] ∈ H2(M,C) are equal. Then
η1 = η2.
Proof: Let H1, H2 be the hyperka¨hler structures which induce (I1,Ω1),
(I2,Ω2) respectively. Let ω
i
α ∈ H2(M,R), α = I, J,K, i = 1, 2 be the
standard cohomology classes ωI , ωJ , ωK for the hyperka¨hler structure Hi.
Since [Ω1] = [Ω2], we have ω
1
K = ω
2
K and ω
1
J = ω
2
J . If ω
1
I = ω
2
I , then the
Lie algebras g(H1), g(H2) ⊂ End(H∗(M)) coincide. Therefore, the groups
G(H1), G(H2) also coincide. Expressing ηi in terms of G(Hi) as in (9.6), we
obtain that η1 = η2.
Using Theorem 7.1, it is easy to show that the Hodge decompositions
Hp,qI (M) := H
p,q
I1
(M), Hp,qI2 (M) coincide. Let Ki, i = 1, 2 be the Ka¨hler
cones of the complex structures Ii. If K1 intersects K2, we may apply
Calabi-Yau to find the hyperka¨hler structures H1, H2 satisfying ω1I = ω2I ,
such that Hi induces (Ii,Ωi), i = 1, 2. Applying the previous argument,
we find that in this case η1 = η2. However, it is a priori possible that
K1 ∩K2 = ∅. In this case, we apply the following argument.
Let ω1, ω2, ω3 be classes in H
2(M,R) satisfying
(ω1, ω1)H = (ω2, ω2)H = (ω3, ω3)H > 0, (ωi, ωj)H = 0.
(10.2)
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Let P ⊂ H2(M,R) be the linear span of ωi, i = 1, 2, 3. Let g(P ) ⊂ g(M)
be the Lie algebra generated by Lω, Λω, for ω ∈ P . The argument proving
Theorem 10.1 easily implies that g(P ) is isomorphic to so(1, 4) in the same
way as g(H) is. Applying the standard construction, we obtain a Serre
duality operator Θω1,ω2,ω3 ∈ End(H∗(M)) which is defined in the same way
as Θ for g(H).
Lemma 10.4: Under assumptions of Proposition 10.3, let S be the set
of all cohomology classses ω ∈ H1,1I (M) satisfying
(ω, ω)H = (ωJ , ωJ)H, (ω, ωJ)H = (ω, ωK)H = 0, i 6= j.
(10.3)
Let ω, ω′ ∈ S. Then Θω,ωJ ,ωK = Θω′,ωJ ,ωK .
Proof: For ω, ω′ ∈ K1, this is implied by Θω,ωJ ,ωK = η1, Θω′,ωJ ,ωK = η1,
which is a consequence of Theorem 9.1′. (see the argument in the beginning
of Proposition 10.3, Proof) Clearly, the set S is connected, and S ∩ K1 is
Zariski dense in S. Since Θω,ωJ ,ωK is expressed algebraically as a function
of ω, and is constant in a Zariski dense set, the map
Θ · ,ωJ ,ωK : S −→End(H∗(M))
is constant. This proves Lemma 10.4 and Proposition 10.3
To prove Theorem 7.3, Theorem 7.4, we use the following claim:
Claim 10.5: Let H1, H2 be hyperka¨hler structures on M , and η1, η2
be the corresponding Serre duality operators. Denote by ωiα, α = I, J,K,
i = 1, 2 the natural Ka¨hler forms associated with H1, H2. Let g ∈ G0(M)
be an element such that under the natural action of G0(M) on H
2(M),
g(ω1α) = ω
2
α. Then gη1g
−1 = η2.
Proof: Follows from (9.6).
Now, Theorem 7.3 is equivalent to the following statement:
Theorem 7.3′: Let M be a holomorphically symplectic manifold,
dimC M = n, [Ω] ∈ H2(M,C) be the cohomology class of its holomor-
phic symplectic form, g ∈ G0(M) be an element preserving the line pass-
ing through Ω.2 Using Lemma 10.4 which maps [Ω] to c[Ω], c ∈ C, we
2By definition of GI0(M), the group element g preserves the line passing through [Ω] if
and only if g ∈ GI0(M).
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may canonically associate the Yukawa product map on H∗(M) with a co-
homology class Ω0 ∈ H2(M,C), given that Ω0 is the class of a holomorphic
symplectic form for some complex structure on M . Let Y1, Y2 : H
∗(M) ×
H∗(M)−→H∗(M) be the Yukawa products associated with the cohomology
classes [Ω], c[Ω] ∈ H2n,0I (M). Then
gY1g
−1 = Y2.
Proof: Let ηΩ, ηΩ′ be the operators η associated with Ω, Ω
′, where
Ω′ = cΩ. Claim 10.5 implies that ηΩ′ = gηΩg−1. Now,
Y1(x, y) = η
−1
Ω (ηΩ(x) ∪ ηΩ(y))
and
Y2(x, y) = η
−1
Ω′ (ηΩ′(x) ∪ ηΩ′(y)) .
Since g ∈ G0(M), the group element g acts by automorphisms on the (usual)
cohomology ring. Therefore,
Y2(x, y) = gη
−1
Ω g
−1 (gηΩg−1(x) ∪ gηΩg−1(y))
= gη−1Ω
(
ηΩg
−1(x) ∪ ηΩg−1(y)
)
= gY1(g
−1x, g−1y).
Theorem 7.3′ is proven.
Proof of Theorem 7.4: Let
•I1 , •I2 : H∗(M)×H∗(M)−→H∗(M)⊗Hn,0(M)
be the Yukawa multiplication maps constructed by I1, I2 ∈ Comp,
Hn,0(M) = K
∣∣∣
I1
= K
∣∣∣
I2
.
Proposition 10.3 implies that, whenever Po(I1) = Po(I2), we have •I1 = •I2 .
Therefore, there exist a tensor •
Y
: B × B −→B ⊗ K such that •
Y
is
obtained as a pullback of Y .
To prove Theorem 7.4, it remains to show that •
Y
is equivariant with
respect to the natural G0(M)-equivariant structure on B. This is implied
by Claim 10.5.
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11 Periods of hyperka¨hler manifolds
and Tian – Todorov coordinates.
LetM be a holomorphically symplectic manifold, and Comp be its (marked,
coarse) deformation space. We give the following description of Tian–Todo-
rov coordinates on Comp.
Let g0(M) ⊂ End(H∗(M)) be the Lie algebra of Theorem 7.1,
g0(M) ∼= so
(
H2(M,R), (·, ·)H
)
.
Let I ∈ Comp, and ad I ∈ g0(M) be the corersponding endomorphism of
cohomology. Let G0(M) ⊂ End(H∗(M)) be the Lie group corresponding to
g0(M) and X ⊂ g0(M), X = G0(M) · ad I be the adjoint orbit containing
ad I. As we have seen previously, the map
Po : Comp−→X, J −→ adJ
is e´tale.
Let
g0(M)⊗ C = gI,−20 (M)⊕ gI,00 (M)⊕ gI,20 (M) (11.1)
be the decomposition of g0(M) ⊗ C defined by [ad I, g] =
√−1 kg, for all
g ∈ gI,k0 (M), k = −2, 0, 2. Earlier, we used the notation gI0(M) for gI,00 (M)∩
g0(M).
Claim 11.1: There is a natural isomorphism of linear spaces
g
I,−2
0 (M)
∼= gI,20 (M) ∼= H1,1(M),
provided by the maps
α−→ [LαΛΩ] ∈ gI,−20 (M), α−→ [LαΛΩ¯] ∈ gI,20 (M),
for all α ∈ H1,1(M).
Proof: Let g(M) be the Lie algebra of Theorem 10.1. The space H∗(M)
is graded by the dimensions of cocycles. Consider the associated grading
g(M) = g−2(M)⊕g0(M)⊕g2(M). In [V], we proved that g2(M) is the linear
span of all operators Lω, for all ω ∈ H2(M,R), and g−2(M) is the linear span
of all Λω, ω ∈ H2(M,R) for all ω such that Λω is defined. Let gI,ji (M) ⊂
gi(M)⊗C be the space of all x ∈ gi(M) satisfying [ad I, x] = j
√−1. Clearly,
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g
I,0
2 (M)⊗C is the linear span of all operators Lω : H∗(M)−→H∗(M), ω ∈
H1,1(M). Similarly, gI,0−2(M)⊗ C is the linear span of all Λω, ω ∈ H1,1(M),
such that Λω is defined. This identifies g
I,0
±2(M) with H
1,1(M). As we show
in Section 9, the adjoint action of η interchanges
√−1 H and ad I, where
H is the standard Hodge operator, H = [Lω,Λω]. Therefore, η identifies
g
I,j
i (M) with g
I,i
j (M). Applying this to g
I,0
±2(M) ∼= H1,1(M), we obtain an
identification of gI,±20 (M) with H
1,1(M). Unravelling this definition and
applying Proposition 9.7, we obtain Claim 11.1.
Let R : X −→ P(H2(M,C)) be the map associating a line
H2,0I (M) =
{
λ ∈ H2(M,C) | ad I(x) = 2√−1 x}
to ad I ∈ X ⊂ G0(M).
Lemma 11.2: The map R : X −→ P(H2(M,C)) is a closed, com-
plex analytic embedding. The image of R coincides with the conic C ⊂
P(H2(M,C)),
C =
{
l ∈ P(H2(M,C)) | (l, l)H = 0
}
where (·, ·)H is the canonical scalar product on H2(M) (Section 7).
Proof: Follows from a trivial linear-algebraic argument ([Tod2]; see also
[V], Section 6).
Let G0(M) ⊂ End(H∗(M)) be the Lie group associated with g0(M).
Consider the action of a group G0(M) ⊂ End(H∗(M)) corresponding to
g0(M) = so
(
H2(M); (·, ·)H
)
on H2(M). This defines an action of G0(M)⊗
C on C ⊂ P(H2(M,C)).
Consider the action of g−2,I(M) ⊂ g0(M) ⊗ C on C = X. The Lie
algebra g−2,I(M) is commutative. Thus, we obtain a number of commuting
holomorphic vector fields onX. Since the action ofG0(M) onX is transitive,
dimX = dim g−2,I(M) = dimH1,1(M) and G2,I0 (M), G
0,I
0 (M) stabilizes
R(ad I), the action of the abelian Lie group G−2,I(M) defines coordinates
in a neighbourhood U of R(ad I) ∈ X. We have obtained a natural open
embedding i : B →֒ C = X, where B is an open ball in g−2,I0 (M).
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Theorem 11.3: Let M be a holomorphically symplectic manifold, X
its moduli space and i : B →֒ X be the open embedding constructed above.
Lift i to a map i˜ : B →֒ Comp. Identifying g2,I0 (M) with H1,1(M) as in
Claim 11.1, we can realize B as an open ball in H1,1(M). Then, for B
sufficiently small, i˜ coincides with the Tian–Todorov map of Theorem 4.5.6.
Proof of Theorem 11.3: Let Ω ∈ H2,0(M,C) be the holomorphic
symplectic form of M , v ∈ B ⊂ g−2,I0 (M) and ev(Ω) ∈ C be the point of
C corresponding to v. Let Pc : Comp−→ C be the map associating the
line H2,0L (M) ∈ P(H2(M,C)) to the complex structure L ∈ Comp. Let
Ω¯ ∈ Λ0,2(M) be the complex conjugate to Ω. The standard identification of
H1,1(M) with g−2,I0 goes as
λ
τ−→ [Lλ,ΛΩ¯],
where λ ∈ H1,1(M) and Lλ, ΛΩ¯ ∈ End(H∗(M)) are the standard Hodge
operators of [V]1 associated with λ, Ω¯. Then Theorem 11.3 is equivalent to
the following explicit statement:
(ev(Ω))P = Pc(ϕ(τ
−1(v))), (11.2)
where ϕ : B −→ Comp is the Tian–Todorov map, and
( )P : H2(M,C)\0 −→ P(H2(M,C))
is the map associating to a vector x ∈ H2(M,C)\0 the line passing through
x.
The Ka¨hler cone K is open in H1,1(M) ∩ H2(M,R), and H1,1(M) ∩
H2(M,R) is the set of fixed points of an anti-complex involution of the
affine space H1,1(M). Therefore, every complex analytic map on the open
ball B is determined by its values on K ∩ B. Therefore, in proving (11.2),
we may assume that the cohomology class ω = τ−1(v) is a Ka¨hler class for
some Ka¨hler structure on M .
Let H = (I, J,K, (·, ·)) be the hyperka¨hler structure on M , inducing I,
Ω and ω:
ω = ωI , Ω = ωJ +
√−1 ωK .
1The operator Lλ multiplies η ∈ H∗(M) by λ. The operator ΛΩ is equal to ΛωJ +√−1 ΛωK , where ΛωJ , ΛωK are the Hodge operators of complex structures J , K, in a
hyperka¨hler structure (I, J,K, (·, ·)) on M . See also Definition 9.6.
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Lemma 11.4: Let M be a hyperka¨hler manifold and ω = ωI ∈ Λ1,1(M)
be its Ka¨hler form. Let a = ω˜ be the harmonic section of Λ0,1(TM) corre-
sponding to ω. Let ϕ(tω) =
∑
ai, an = G∂¯∂
∑
i+j=n−1 ai •Y aj be the image
of ta under the Tian-Todorov map, t ∈ R. Then an = 0 for all n > 0.
Proof: Clearly, it suffices to show that a1 = 0, where a1 = G∂¯∂ (ω˜ •Y ω˜).
Consider the standard Serre duality operator η : Ωp,q(M)−→ Ωn−p,q(M).
By definition, ω˜ = η(ω), and x •
Y
y = η
(
η−1(x) ∪ η−1(y)). Therefore,
a1 = G∂¯∂ω˜ •Y ω˜ = G∂¯∂η(ω ∪ ω).
Since ω is a Ka¨hler form, ω ∪ ω is harmonic (Kodaira). The map η is
compatible with the Hermitian structure, and commutes with ∂¯. Therefore,
η maps harmonic forms to harmonic forms. We obtain that η(ω ∪ω) is also
harmonic, and ∂η(ω ∪ ω) = 0.
Let Atω be tω ˜ considered as a differential operator (4.2.3), where
tω ˜ ∈ Λ0,1(M,TM)
is the TM -valued (0,1)-form associated with the (1, 1)-differential form
tω ∈ Λ0,1(Ω1(M))
via the identification TM ∼= Ω1M provided by the holomorphic symplectic
structure. We obtain that, for a as in Lemma 11.4 and ∂new as in (4.2.3)
the operator ∂new is equal to ∂¯ + Atω. The following proposition computes
this differential operator in terms of ∂ and the quaternion action.
Proposition 11.5: Let M be a manifold equipped with a hyperka¨hler
structure (I, J,K, (·, ·)). Consider M as a Ka¨hler manifold with Ka¨hler
structure associated with I and (·, ·). Let ω = ωI be its Ka¨hler form.
Consider ω as a section of Λ0,1(Ω1(M)). Let A be the section of Λ0,1(M,TM)
obtained from ω through the isomorphism TM ∼= Ω1(M) provided by the
holomorphically symplectic structure, and A : C∞(M)−→ Λ0,1(M) be a
differential operator corresponding to A as in (4.2.3). Since J anticommutes
with I, the operator J : Λ1
R
(M)−→ Λ1
R
(M) maps (1, 0)-forms to (0, 1)-
forms. Therefore, we may consider a composition J ◦ ∂ as a differential
operator from functions to (0, 1)-forms. Then
A = J ◦ ∂. (11.3)
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Proof: Since A and J ◦ ∂ are operators of the first order, and a hy-
perka¨hler manifold is flat up to O(r2), it suffices to check (11.3) when M
is a flat manifold. Assume M is flat. Let xi, yi be holomorphic coordinates
on M , such that the forms dxi, dyi, dxi, dyi constitute an orthonormal basis
in the bundle of 1-forms, and the holomorphic symplectic form is written
as Ω =
∑
i dxi ∧ dyi. Then ω =
∑
dxi ∧ dxi + dyi ∧ dyi, the operator A is
written in coordinates as
A(f) =
∑
i
∂f
∂xi
dyi −
∑ ∂f
∂yi
dxi
and ∂ as
∂f =
∑
i
∂f
∂xi
dxi +
∑
i
∂f
∂yi
dyi
On the other hand, J(dxi) = dyi, and J(dyi) = −dxi. This proves Proposi-
tion 11.5.
We obtain the following explicit description of the Tian–Todorov map.
Let ω ∈ B ⊂ H1,1(M) be a form such that ω = tωI for a hyperka¨hler
structure (I, J,K, (·, ·)). Then the complex structure ϕ(ω) is defined by the
differential operator
∂¯new = ∂¯ + tI ◦ ∂. (11.4)
After appropriate substitutions, (we substitute ϕ(α) for ∂+ tI ◦ ∂ and v
for tωI) the equation (11.2) takes the form
(
et[LωI ,ΛΩ](Ω)
)P
= Pc(∂¯ + tI ◦ ∂), (11.5)
where by Pc(∂¯+ tI ◦∂) we understand the line H2,0L (M) ⊂ H2(M,C) associ-
ated with a complex structure L defined by the operator ∂¯new = ∂¯+tI◦∂. To
prove Theorem 11.3, it remains to show that (11.5) is true for all hyperka¨hler
structures.
A calculation using identities (8.2) shows that [LωI ,ΛΩ]Ω = 2ω, and
[LωI ,ΛΩ]ω = Ω¯. Therefore,
et[LωI ,ΛΩ](Ω) = Ω + 2tω + t2Ω¯ (11.6)
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The algebra H⊗R C = MatC(2) naturally acts on Λ1(M). We extend
this action to an action of the group H⊗R C∗ ∼= GL(2,C) on Λ∗(M).
Claim 11.6: For each α ∈ H⊗R C∗, the operator
α(∂¯ +Atω) : f ∈ C∞(M)−→ α(∂¯ +Atω) ∈ Λ1(M)
induces the same holomorphic structure on M as ∂¯ +Atω .
Proof: Let C be the kernel of ∂¯ + A : C∞(M)−→ Λ1(M). By defini-
tion, the function f ∈ C∞(M) is holomorphic with respect to the complex
structure defined by ∂¯ + A if and only if f lies in C. On the other hand,
ker
(
α(∂¯ +Atω)
)
coincides with ker
(
∂¯ +Atω
)
.
The following claim gives a description of the complex structure associ-
ated with ∂¯new = ∂¯ + tI ◦ ∂, in terms of the hyperka¨hler structure.
Claim 11.7: Let M be a hyperka¨hler manifold and
∂¯new = ∂¯ + tJ ◦ ∂ : C∞ −→ Λ1(M)
be the operator considered above. Then, there exists a unique induced2
complex structure L, and an invertible element α ∈ H⊗R C, such that
∂¯L = α(∂¯ + tJ ◦ ∂).
Proof: Let
D = Diff1 (C∞(M),Λ1(M))
be the space of all differential operators of first order from C∞(M) to Λ1(M).
The space D is equipped with a left action of the quaternions, induced by
the action of the quaternions in Λ1(M). Let D ⊂ D be the subspace of D
generated by ∂¯L, ∂L = ∂¯−L, for all induced complex structures L. Clearly,
D contains the standard de Rham differential d = ∂L+∂¯L2 . Let d
c
L :=
∂L−∂¯L
2
√−1
be the de Rham differential twisted by L, which also lies in D. It is easy
to check that d, dcI , d
c
J , d
c
K constitute a basis in D. We identify D with
H ⊗R C, with d going to 1 ∈ H, and dcα going to α, α = I, J,K ∈ H.
Clearly, D is preserved by the left action of the quaternions on D, and is
naturally isomorphic to the space to H⊗R C =MatC(2) as a representation
2As usual, induced complex structure means a complex structure L induced by a
hyperka¨hler structure, L = aI + bJ + cK, a, b, c ∈ R, a2 + b2 + c2 = 1.
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of (H⊗R C)∗ = GL(2,C). Let C0 ⊂ MatC(2) be the set of all x 6= 0 with
det x = 0. Under the identification D
i−→ MatC(2), the operators ∂L go to
C0, for all induced complex structures L. Also, i(∂¯ + tJ ◦ ∂) belongs to C0.
The quotient of C0 by the left action of H⊗R C∗ is CP 1, and this CP 1 is in a
natural bijective correspondence with the set of induced complex structures
on M . Using Claim 11.6, we obtain Claim 11.7.
We have reduced Theorem 11.3 to the following statement.
Lemma 11.8: Let M be a hyperka¨hler manifold, and L be the induced
complex structure constructed in Claim 11.7. Then the 2-form Ω+2tω+t2Ω¯
is of type (2,0) with respect to L.
Proof: As with Claim 11.7, this statement is proven by an elementary
linear-algebraic computation. Let W ⊂ ΓM (Λ2(M)) be the C-linear space
generated by ωI , ωJ , ωK . Consider the standard action of SU(2) on W . We
obtain a representation
ρ : SU(2) −→End(W ).
Consider the space D of differential operators generated by ∂¯L for all in-
duced complex structures (see Claim 11.7, Proof). Then D is canoni-
cally isomorphic to H ⊗R C. The group H⊗R C∗ = GL(2,C) acts on
C0 ⊂ D = H ⊗R C from the left and from the right, with the left action
being the same as we considered in Claim 11.7 Proof. We have identified the
left quotient ((H ⊗R C)∗)\C0 with the set R of all induced complex struc-
tures. Let Hun = SU(2) be the group of unitary quaternions. Clearly, the
right action of Hun ⊂ H∗ ⊂ H⊗R C∗ on D induces the natural action of
Hun = SU(2) on CP 1 = H⊗R C∗\C0. In particular, under the right action
of Hun ⊂ H∗ ⊂ H⊗R C∗ on C0, we have
g(∂L) = ∂g(L), and g(∂¯L) = ∂¯g(L) (11.7)
where L ∈ R is the induced complex structure, and g(L) is an image of L
under the natural action of Hun = SU(2) on R = CP 1.
Let Pc : R−→ P(W ) be the map associating with an induced complex
structure L the line of all forms λ ∈W which are of type (2, 0) with respect
to L. Clearly, for all g ∈ SU(2)⊗ C, L ∈ R, we have
ρ(g)(Pc(L)) = Pc(g(L)), (11.8)
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where ρ : SU(2)−→End(W ) is the representation defined above. The
space W is equipped with a natural Hermitian metric (·, ·)H, such that ωI ,
ωJ , ωK is an orthonormal basis. Whenever λ ∈ W is a (2, 0)-form for
some induced complex structure, we have (λ, λ)H = 0. Let C ⊂ P(W ) be
the conic defined by (λ, λ)H = 0. This conic is naturally isomorphic to
CP 1, so that the map Pc : R−→ C is an isomorphism. Consider the Lie
algebra g0(H) ⊂ End(Λ2(M)) generated by [Lωα ,Λωβ ], for α, β ∈ {I, J,K},
α 6= β. From (8.2) it is clear that g0(H) is naturally isomorphic to su(2). Let
G0(H) = SU(2) be the corresponding Lie group, acting on the cohomology
of M . Using the identification G0(H)⊗C = SU(2)⊗C = GL(2,C), we may
consider et[Lωα ,Λωβ ] as an element of SU(2)⊗C = H⊗R C∗. Let p ∈ H⊗R C∗
be the element which corresponds to et[Lω ,ΛΩ¯]. By definition,
ρ(p)(Ω) = Ω+ 2tω + t2Ω¯.
On the other hand, a calculation shows that, under the natural right action
of H⊗R C∗ on D = H⊗R C, we have p(∂¯) = ∂¯ + tJ∂. By (11.7), (11.8), the
vector
ρ(p)(Ω) = Ω + 2tω + t2Ω¯
belongs to the line Pc(L). This implies that, for the induced complex struc-
ture L of Claim 11.7, the differential operators p(∂¯) and ∂¯L define the same
complex structure, where p(∂¯) means the image of ∂¯ ∈ D under the right
action of H⊗R C∗. Lemma 11.8, and consequently, Theorem 11.3 is proven.
12 Proof of Mirror Conjecture.
In this section, we prove Theorem 5.4. Let B1 be an open ball in Hn−1,1(M),
ϕ : B1 −→ Comp the Tian–Todorov map, I = ϕ(0). Let B2 be an open ball
in H1,1(M). We identify B1 with its image under ϕ, considering B1 as an
open subset in Comp. We denote by A1 the Yukawa VFA associated with a
trivialization of K
∣∣∣
ϕ(B1)
which we shall specify soon thereafter. Let A2 be a
Quantum VFA, with base B2. Shrinking B1, B2 when necessary and using
the natural isomorphism H1,1(M) ∼= Hn−1,1(M), we obtain a canonical
linear isomorphism
t : B1 −→B2. (12.1)
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To prove Theorem 5.4 we need to produce an isomorphism of VFA θ :
A1 −→ t∗A2, where t∗A2 is the pullback of A2 under t.
Let C be, as usual, the quadric hypersurface defined by (x, x)H = 0,
and Pc : Comp−→ C be the period map. Consider the restriction O(1)
∣∣∣
C
of O(1) to C ⊂ P(H2(M,C)). Let Ωs be the holomorphic line bundle on
Comp, Ωs = P
∗
c
(
O(1)
∣∣∣
C
)
. Fix a holomorphic symplectic form Ω on the
complex manifold (M, I). We define a trivialization of the 1-dimensional
complex space Ωs
∣∣∣
ϕ(B1)
as follows. Let α ∈ B1. Consider α as a (1, 1)-form.
By definition, the line Pc(ϕ(α)) contains a vector e
[Lα,ΛΩ]Ω ∈ H2(M,C),
where e[Lα,ΛΩ] ∈ End(H∗(M)) is the element of GI,20 (M) corresponding to
α ∈ H1,1(M). Therefore, we may consider e[Lα,ΛΩ]Ω as a vector of Ωs
∣∣∣
ϕ(α)
.
This gives a vector in the fiber of Ωs for every point ϕ(α) ∈ ϕ(B1) and
trivializes Ωs over ϕ(B1) ⊂ Comp. Denote the section ϕ(α) −→ e[Lα,ΛΩ]Ω ∈
Ωs
∣∣∣
ϕ(α)
by ν. Since Ω
n/2
s = K, ν gives a trivialization of K
∣∣∣
ϕ(B1)
. By A1 we
understand Yukawa VFA associated with this trivialization.
For the rest of this section, we denote the endomorphism e[Lα,ΛΩ] :
H∗(M)−→H∗(M) by eα. The fibers of A1, A2 are naturally identified
with the total cohomology space H∗(M). Let
θ0 : A1 −→A1
be the endomorphism acting on the fiber A1
∣∣∣
ϕ(α)
by e−α. Let
η0 : A1 −→ t∗A2
be the constant map acting on the fibers of A1, A2 by
ηI,Ω : H
∗(M)−→H∗(M),
where ηI,Ω is the Serre duality operator associated with (I,Ω) (Section 9).
Let
θ = θ0 ◦ η0 : A1 −→ t∗A2.
The following theorem proves the Mirror Conjecture for manifolds of hy-
perka¨hler type (Theorem 5.4).
Theorem 12.1: The map θ induces an isomorphism of VFA.
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Proof: By Proposition 9.7, we have η0[Lα,ΛΩ]η
−1
0 = Lα. Therefore,
η0eαη
−1
0 is the map
· ∪ eα : H∗(M)−→H∗(M),
η0eαη
−1
0 (x) = x ∪ eα
x ∪ eα =
∑ x ∪ αn
n!
.
(12.2)
Let ∇m be the flat connection in A2 associated with the VFA structure,
and γ : B2 −→H∗(M) be an arbitrary map considered as a section of
A2. Then γ is parallel with respect to ∇m if and only if γ(α) = x ∪ eα,
for some x ∈ H∗(M), because the operator x−→ x ∪ e−α maps ∇m to
the constant connection ∇ (see Corollary 6.2). The operator θ = η0 ◦ e−α
maps the constant sections y of A1 to the sections γ(α) = η0(y)∪eα, because
η0eα(y) = (η0)
−1(y)∪eα by (12.2). In other words, θ maps constant sections
of A1 to the constant sections of t∗A2. We obtain the following statement.
Lemma 12.2: The map θ : A1 −→ t∗A2 commutes with the flat con-
nection on the variations of Frobenius algebras A1, t∗A2.
To prove that θ is compatible with the Hodge filtration, we make the
following observation (Lemma 12.4).
As in (11.1), consider the decomposition
g0(M)⊗ C = gI,−20 (M)⊕ gI,00 (M)⊕ gI,20 (M). (12.3)
Let GI,−20 (M), G
I,0
0 (M), G
I,2
0 (M) ⊂ End(H∗(M)) be the corresponding Lie
groups.
Remark 12.3: The multiplication
GI,−20 (M)×GI,00 (M)×GI,20 (M)−→G0(M)
is surjective in a neighbourhood of unit in G0(M).
Lemma 12.4: For a complex structure L ∈ Comp, consider the Hodge
filtration F 0L ⊂ F 1L ⊂ ... on Hp(M),
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F kL :=
⊕
i−q6k
Hp−i,q(M). (12.4)
associated with L. Then e−α : Hp(M)−→Hp(M) maps F iϕ(α) to F iI .
Proof: Consider the standard action of a group G0(M) on
C ⊂ PH2(M,C).
By Theorem 7.4, for I1, I2 ∈ Comp, g ∈ G0(M), such that
Pc(I1) = g(Pc(I2)),
we have
Hp,qI1 (M) = g(H
p,q
I2
(M)).
Since G0(M) acts transitively on C, there exists g ∈ G0(M) such that
g
(
Hp,qI (M)
)
= Hp,qϕ(α)(M).
Shrinking B1 if necessary, we may assume that g admits the decomposition
considered in Remark 12.3, g = g−2g0g2, with gi ∈ GI,i0 (M), i = −2, 0, 2.
Under the natural action of G0(M) ⊗ C on C ⊂ P(H2(M,C)), we have
g(Pc(I)) = Pc(ϕ(α)). Since Pc(ϕ(α)) is by definition a line which passes
through eα(Ω), we obtain that g(Ω) is proportional to eα(Ω). The group
GI,20 (M) stabilizes Ω, and G
I,0
0 (M) stabilizes the line passing through Ω.
Therefore, g−2(Ω) is proportional to eα(Ω). The map GI,−2(M)−→ C,
g −→ g(Ω) is locally an isomorphism (see Section 11). Therefore, g−2 = eα.
By Claim 10.5, the operator g maps the Hodge grading associated with the
complex structure I to the Hodge grading associated with ϕ(α). To prove
that the operator eα is compatible with Hodge filtration, we need to prove
that g0g2 = (g−2)−1g preserves the Hodge filtration associated with I. This
is implied by the following general statement.
Sublemma 12.5: LetM be a compact holomorphically symplectic man-
ifold of Ka¨hler type, I its complex structure, G0(M) ⊂ End(H∗(M)) be the
standard group acting on its cohomology, GI,−20 (M), G
I,0
0 (M), G
I,2
0 (M) be
subgroups of G0(M)⊗C associated with I and a decomposition (12.3), and
s be any element of GI,00 (M) × GI,20 (M). Then the action of s on H∗(M)
preserves the Hodge filtration (12.4) associated with the complex structure
I.
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Proof: By definition, GI,00 (M) preserves the Hodge grading H
∗(M) =
⊕Hp,qI (M). Therefore, GI,00 (M) preserves the Hodge filtration. It remains
to show that GI,20 (M) preserves the Hodge filtration. The group G
I,2
0 (M)
is by definition connected, and therefore we have to show that for all µ ∈
g
I,2
0 (M), the action of µ on H
∗(M) preserves Hodge filtration. By definition,
[µ, ad I] = −2√−1 ad I. Therefore, ad I (µ(ω)) = (i − 2)√−1 µ(ω), for all
ω ∈ Hp+i,p(M). This means that µ(ω) ∈ Hp+i−1,p+1(M). Sublemma 12.5
and consequently Lemma 12.4 is proven.
Remark 12.6: The group GI,20 (M) manifestly does not preserve the
Hodge grading. Hence (Sublemma 12.5) is false if we substitute “filtration”
by “grading”.
Corollary 12.7: The map θ : A1 −→ t∗A2 is compatible with Hodge
filtration associated with the VFAs A1, A2.
Proof: By definition of Serre duality, the map η0 maps the Hodge filtra-
tion in A1
∣∣∣
ϕ(0)
to the Hodge filtration in A2
∣∣∣
0
. Since the Hodge filtration in
A2 is constant with respect to the trivial connection ∇0, we can use Lemma
12.4 and obtain Corollary 12.7.
LetAgr1 , Agr2 be the associated graded bundles for the variations of Frobe-
nius algebras A1, A2. The bundles Agr1 , Agr2 are naturally equipped with
a structure of weak VFA. By Corollary 12.7, the map θ induces a map of
associated graded spaces θgr : Agr1 −→ t∗Agr2 . To finish the proof of Theo-
rem 12.1, we need to show only that θgr is compatible with the weak VFA
structure.
Consider the maps κi : Agri ⊗ TBi −→Agri , κ(a ⊗ t) = a • t, where • is
the multiplication in VFA and τi is the standard map which comes with the
definition of VFA. By definition, κi is the Kodaira-Spencer map associated
with a weak C-VHS. Since θ commutes with the weak C-VHS structure
(Corollary 12.7, Lemma 12.2), the following diagram is commutative:
TB1 ⊗Agr2 κ1−−−→ t∗Agr2
dt⊗θgr
y yθgr
t∗TB2 ⊗Agr1
t∗κ2−−−→ t∗Agr1
(12.5)
Assuming that θgr is an algebra homomorphism, we obtain that the following
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diagram is also commutative:
TB1 τ1−−−→ t∗Agr2
dt
y yθgr
t∗TB2 t
∗τ2−−−→ t∗Agr1
(12.6)
Therefore, to finish the proof of Theorem 12.1, we need only prove the
following proposition.
Proposition 12.8: Let θgr : Agr1 −→ t∗Agr2 be the map constructed
above. Then θgr is compatible with the multiplicative structure in Agr1 ,
Agr2 .
Proof: Consider the usual cohomology algebra (H∗(M),∪) of M . Then
Agr2 is a trivial bundle with a fiber (H∗(M),∪), and the multiplication in
Agr2 is compatible with this trivialization. By definition of the Serre duality
operator, the map η0 : A1
∣∣∣
ϕ(0)
−→ (H∗(M),∪) commutes with the algebraic
structure. Therefore, to prove Proposition 12.8, we have to show that the
map1 e−α : A1
∣∣∣
ϕ(α)
−→A1
∣∣∣
ϕ(0)
induces a homomorphism of algebras
egr−α :
(
A1
∣∣∣
ϕ(α)
)gr
−→
(
A1
∣∣∣
ϕ(0)
)gr
.
Consider the natural action of the group G0(M) on H
∗(M). This action
induces an action of G0(M) on the tensor powers
(H∗(M))⊗n ⊗ ((H∗(M))∗)⊗n .
Denote this action by λ−→ (λ)g. Let I = ϕ(0), J = ϕ(α), and •I , •J :
H∗(M) ×H∗(M)−→H∗(M) be the Yukawa product maps in A1
∣∣∣
I
, A1
∣∣∣
J
.
Let ∪ : H∗(M) ×H∗(M)−→H∗(M) be the usual cup-product. Consider
•I , •J , ∪ as tensors over the space H∗(M). By (9.1), we have
(•I) = (∪)η0 , (•J ) = (∪)ηα , (12.7)
where
η0, ηα
1By Lemma 12.4, e−α is compatible with the Hodge filtrations on A1
∣∣∣
ϕ(α)
, A1
∣∣∣
ϕ(0)
,
associated with VFA.
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are the Serre duality operators associated with (ϕ(0),Ω) and (ϕ(α), eα(Ω)).
By definition, ηα = (η0)
g, where g ∈ G0(M) is the group element which
defined in the proof of Lemma 12.4. Therefore, (12.7) implies that
(•J ) = (•I)g.
Consider a decomposition g = g2g0g−2 defined in the proof of Lemma 12.4,
As we have seen, e−α = g−1g0g2. The map
g−1 : (H∗(M), •J ) −→ (H∗(M), •I)
induces an isomorphism of Frobenius algebras and is compatible with the
Hodge filtration. Hence, g induces an isomorphism on the associated graded
algebras. To prove that (g2)
−1 = eα : (H∗(M), •J ) −→ (H∗(M), •I) in-
duces an isomorphism on the associated graded algebras, we need to show
that
g0g2 : (H
∗(M), •I ) −→ (H∗(M), •I )
induces an isomorphism on associated graded algebras. By Theorem 7.3,
g0 : (H
∗(M), •I ) −→ (H∗(M), •I )
is an algebra isomorphism. Since GI,0I (M) preserves the Hodge grading,
g0 certainly induces an isomorphism on the associated graded algebras. It
remains to show that g2 : (H
∗(M), •I) −→ (H∗(M), •I) induces an isomor-
phism on the associated graded algebras. This is implied by the following
little lemma, which finishes the proof of Theorem 12.1.
Lemma 12.9: Let g2 ∈ G2,I0 (M) be a group element and
g2 : H
∗(M)−→H∗(M)
be the corresponding endomorphism of H∗(M). Consider the Hodge filtra-
tion on H∗(M), defined from the VFA structure on A1 and an isomorphism
H∗(M) ∼= A1
∣∣∣
I
. 2 Then g2 acts as the identity on the associated graded
space.
Proof: The group G2,I0 (M) is by definition connected. Thus, to prove
that g2 acts as the identity on the associated graded space, we need to show
2By definition of A1, this filtration coincides with the standard Hodge filtration on the
cohomology space H∗(M) associated with the complex structure I .
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that g2,I0 (M) acts trivially on the associated graded space. In other words,
for all λ ∈ g2,I0 (M), we need to show that
λ
(
F iIH
∗(M)
) ⊂ F i−1I H∗(M), (12.8)
where F iI is the Hodge filtration associated with I. By definition of g
2,I
0 (M),
for all ω ∈ Hp,qI (M), we have λ(ω) ∈ Hp+1,q−1I (M). This proves (12.8).
Lemma 12.9 is proven. We have finished the proof of Mirror Symmetry for
compact holomorphically symplectic manifolds of Ka¨hler type.
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